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Abstract

Structural am biguit y in linguistic analyses is a sev ere problem for natural language pro-

cessing. F or grammars describing a non trivial fragmen t of natural language, ev ery input of

reasonable length ma y receiv e a large n um b er of analyses, man y of whic h are implausible or

spurious. This problem is ev en harder for highly complex constrain t-based grammars. Whereas

the mathematical foundation of suc h grammars as instances of constrain t logic programming

is clear enough, there is so far no mathematically w ell-de�ned metho d for extending constrain t

logic programs b y using w eigh ts to in tro duce graded distictions b et w een analyses. Previous

approac hes to am biguit y resolution for con text-dep enden t natural language pro cessing mo dels

either are tailored to sp eci�c applications and based on uncertain mathematical grounds, or

they are su�cien tly w ell-de�ned and expressiv e but infeasible in practice.

In this thesis, w e presen t t w o approac hes to a rigorous mathematical and algorithmic foun-

dation of quan titativ e and statistical inference in constrain t-based natural language pro cessing.

The �rst approac h, called quan titativ e constrain t logic programming, is conceptualized in a

clear logical framew ork, and presen ts a sound and complete system of quan titativ e inference for

de�nite clauses annotated with sub jectiv e w eigh ts. This approac h com bines a rigorous formal

seman tics for quan titativ e inference based on sub jectiv e w eigh ts with e�cien t w eigh t-based

pruning for constrain t-based systems. The second approac h, called probabilistic constrain t

logic programming, in tro duces a log-linear probabilit y distribution on the pro of trees of a

constrain t logic program and an algorithm for statistical inference of the parameters and

prop erties of suc h probabilit y mo dels from incomplete, i.e., unparsed data. The p ossibilit y of

de�ning arbitrary prop erties of pro of trees as prop erties of the log-linear probabilit y mo del and

e�cien tly estimating appropriate parameter v alues for them p ermits the probabilistic mo d-

eling of arbitrary con text-dep endencies in constrain t logic programs. The usefulness of these

ideas is ev aluated empirically in a small-scale exp erimen t on �nding the correct parses of a

constrain t-based grammar. In addition, w e address the problem of computational in tractabil-

it y of the calculation of exp ectations in the inference task and presen t v arious tec hniques to

appro ximately solv e this task. Moreo v er, w e presen t an appro ximate heuristic tec hnique for

searc hing for the most probable analysis in probabilistic constrain t logic programs.
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Chapter 1

In tro duction

This thesis presen ts a no v el mathematical treatmen t of the problem of structural am biguit y in

constrain t-based natural language pro cessing (NLP). This problem will b e attac k ed from t w o

di�eren t angles. On the one side w e will presen t a no v el formalism for quan titativ e constrain t-

based inference with sub jectiv e w eigh ts. On the other side w e will approac h this problem b y

no v el metho ds for statistical inference and probabilistic mo deling for constrain t-based NLP .

In this c hapter w e in tro duce the general problem of structural am biguit y and a general

solution to this problem, namely w eigh ted grammars. F urthermore, w e will sp ecify the notion of

constrain t-based NLP and sk etc h the general idea of the t w o di�eren t approac hes to am biguit y

resolution for w eigh ted constrain t-based grammars whic h constitute the main con tribution of

this thesis.

1.1 Ov erview

F ollo wing this in tro duction, Chap. 2 discusses the formal framew ork in whic h the informal

notion of constrain t-based NLP will b e dealt with in the course of this thesis. T o this end,

w e discuss the formal basics of Constrain t Logic Programming (CLP), whic h is used here

to pro vide an op erational treatmen t of v arious declarativ e constrain t-based grammars. This

is done b y an em b edding of the logical description languages of suc h grammars in to a CLP

sc heme, yielding Constrain t Logic Grammars (CLGs).

Chap. 3 presen ts a quan titativ e extension of CLP whic h allo ws us to assign sub jectiv e

n umerical w eigh ts to the structural comp onen ts of a constrain t logic program. W e presen t a

sound and complete system for quan titativ e inference with suc h sub jectiv e w eigh ts based on

concepts of fuzzy set algebra. F urthermore, the general concepts of quan titativ e CLP will b e

exempli�ed with a simple quan titativ e CLG and w e will sho w ho w the searc h tec hnique of

alpha-b eta pruning can b e adapted to e�cien tly �nding the b est parse in quan titativ e CLGs.
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2 Chapter 1. In tro duction

A completely di�eren t approac h to w eigh ted CLP is presen ted in Chap. 4. Here, instead

of concen trating on a formal sp eci�cation of the handling of sub jectiv e w eigh ts, the aim is

to use metho ds of probabilistic mo deling and statistical inference to automatically induce

w eigh ts from empirical data. W e in tro duce a p o w erful log-linear probabilit y mo del for CLP

and presen t a no v el tec hnique for statistical inference of the parameters and prop erties of suc h

mo dels from incomplete training data. W e sho w monotonicit y and con v ergence of the algorithm

to the desired maxim um lik eliho o d estimates and discuss v arious metho ds for appro ximate

computation for the inference task. W e presen t an instan tiation of probabilistic CLP to a

simple probabilistic CLG and sho w ho w the structure of the probabilistic mo del can b e used

to guide the searc h for the most probable analysis. F urthermore, the main concepts of this

statistical approac h are ev aluated empircally in a small exp erimen t on �nding the correct

parses of a constrain t-based grammar.

Chaps. 3 and 4, presen ting the t w o di�eren t approac hes to w eigh ted CLP and CLGs, are

conceptualized completely indep enden t of eac h other. Whereas Chap. 3 is based up on the

general concepts of Chap. 2, namely classical CLP with CLGs as a sp ecial instance, the w ork

of Chap. 4 is en tirely self-con tained and ev en more general. That is, the presen ted metho ds

of probabilistic mo deling, statistical inference and appro ximate computation can easily b e

abstracted a w a y from the CLP application to more general data structures.

Chap. 5 presen ts a summary of the w ork of this thesis, and compares the adv an tages and

shortcomings of the t w o presen ted approac hes relativ e to eac h other and relativ e to other

approac hes. F urthermore, directions of future w ork are sk etc hed.

The rest of this c hapter presen ts a motiv ation of the wh y and ho w of the w ork of this

thesis.

1.2 A Practical Problem: Structural Am biguit y

Structural am biguit y is a practical problem for ev ery grammar describing a non trivial frag-

men t of natural language. That is, for suc h grammars ev ery input of reasonable length ma y

receiv e a large n um b er of di�eren t analyses, man y of whic h are not in accord with h uman

p erceptions. The problem to b e addressed is ho w to di�eren tiate b et w een these analysis and

ho w to e�cien tly �nd the correct analysis out of the set of all p ossible ones.

A simple example illustrating the ubiquit y and sev erit y of the problem of structural am-

biguit y has b een presen ted b y Ch urc h and P atil (1982). Consider the follo wing sen tence with

t w o PPs. It has the follo wing t w o analyses in terms of PP-attac hmen t:

(1) a. Put the blo c k [in the b o x on the table].

b. Put [the blo c k in the b o x] on the table.
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If w e ha v e three PPs, the n um b er of analyses is �v e.

(2) a. Put the blo c k [[in the b o x on the table] in the kitc hen].

b. Put the blo c k [in the b o x [on the table in the kitc hen]].

c. Put [[the blo c k in the b o x] on the table] in the kitc hen.

d. Put [the blo c k [in the b o x on the table]] in the kitc hen.

e. Put [the blo c k in the b o x] [on the table in the kitc hen].

Con tin uing this list further, a n um b er of more than thousand analyses is ac hiev ed quic kly

with only eigh t PPs. The pattern b ehind this list can b e explained as a com binatorial gro wth

of am biguit y in the n um b er of PPs. This gro wth pattern follo ws the com binatorial principle

of the the Catalan n um b ers, where C at ( n ) describ es the n um b er of w a ys to paren thesize a

sen tence of length n , or equiv alen tly the set of binary trees that can b e constructed o v er n

terminal elemen ts

1

. Clearly , this pattern can b e found also in other linguistic com binations

suc h as conjuncts, nominal mo di�cations, or relativ e clauses.

Whereas am biguities of this kind are only problematic if the n um b er of linguistic elemen ts

to b e com bined is large, there is another source of am biguit y dep ending simply on the n um b er

of analyses the grammar can pro duce at all. Let us consider the standard linguistic example

sen tence John saw Mary and the t w o analyses giv en b elo w.

(3) a. [ John

N

[ sa w

V

Mary

N

]

V P

]

S

.

b. [[ John

N

sa w

N

]

N P

Mary

N

]

N P

.

Ev en if the �rst analysis is p erfectly plausible and migh t b e considered as the unique analysis

of this sen tence, the second analysis has to b e accepted if the grammar also licenses other

nominal mo di�cations suc h as

(4) [[ sc ho ol

N

committee

N

]

N P

meeting

N

]

N P

.

F ollo wing Abney (1996), the second analysis furthermore can b e giv en a p erfectly plausible

in terpretation as the reference to a p erson named Mary who is asso ciated with a kind of sa w

called John sa w. Clearly , suc h spurious am biguities ma y b e c haracterized as resulting from

rare usages of w ords and constructions, but they will app ear in ev ery grammar whic h co v ers a

reasonable fragmen t of natural language and th us pro duces a large n um b er of analyses. F ur-

thermore, in most cases suc h spurious am biguities cannot b e giv en a plausible in terpretation,

but just ha v e to b e accepted as a side-e�ect of high co v erage.

1

The Catalan n um b ers are generated b y the follo wing form ula: C at ( n ) =

 

2 n

n

!

�

 

2 n

n � 1

!

.
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T ogether com binatorial and spurious am biguit y can confron t NLP systems with sev ere

problems. Clearly , there is a need to distinguish more plausible analyses of an input form less

plausible or ev en totally spurious ones. A practical and general approac h to this problem is

the use of w eigh ted grammars for resolving structural am biguities.

1.3 A Practical Solution: W eigh ted Grammars

W e will approac h the problem of structural am biguit y b y using w eigh ted grammars for am-

biguit y resolution. W eigh ted grammars can b e c haracterized v ery generally as follo ws. They

assign n umerical v alues, called w eigh ts, to the structure-building comp onen ts of a grammar

and calculate the w eigh t of an analysis from the w eigh ts of the structural comp onen ts that

mak e it up. The simple but e�ectiv e assumption is to connect the plausibilit y of an analysis

with its w eigh t. That is, a ranking of analyses is de�ned b y the w eigh ted grammar, and more

plausible analyses are di�eren tiated from less plausible analyses in terms of their w eigh ts. The

most plausible or correct analysis then is c hosen from among the in-principle p ossible analyses

b y assuming the analysis with the greatest w eigh t to b e the correct one. F urthermore, when

w e are in terested only in the highest w eigh ted parse, the w eigh t calculation sc heme can b e

used to guide the searc h for the highest w eigh ted parse e�cien tly instead of simply listing all

p ossible parses and c ho osing the highest w eigh ted one.

There are three basic problems to b e solv ed for ev ery w eigh ted grammar to b e a use-

ful device in real-w orld NLP applicatons. These problems can b e describ ed b y the follo wing

questions.

1. Ho w can the v alues of the w eigh ts b e obtained?

2. Ho w should the w eigh ts b e applied to the comp onen ts of the grammar and ho w should

the w eigh t of an analysis b e calculated from the w eigh ts of the comp onen ts?

3. Ho w can the structure of the w eigh t calculation sc heme b e used to guide the searc h for

the highest w eigh ted analysis e�cien tly?

Clearly , the answ ers to these questions dep end on eac h other and on the non-w eigh ted

framew ork to b e extended. In the follo wing w e will sk etc h the basic ideas of t w o di�eren t

approac hes to answ er these questions consisten tly for a framew ork of constrain t-based systems.
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1.4 T o w ards a Mathematical F oundation of W eigh ted

Constrain t-Based Grammars

The NLP systems of c hoice in this thesis are constrain t-based grammars. The term constrain t-

based is a collectiv e name for highly expressiv e framew orks for declarativ e description of

natural language in terms of logical description languages. Throughout this thesis, the informal

concept of constrain t-based grammars will b e replaced b y the formal concept of constrain t logic

grammars. That is, constrain t-based grammars are formalized here b y an em b edding of the

logical description languages of suc h grammars in to a CLP sc heme, yielding CLGs as sp ecial

applications of CLP . The adv an tages of this approac h are on the one hand the (T uring-)p o w er

of the underlying logic, whic h is conceiv ed as a w elcome prop ert y to o v ercome the inadequacy

of regular and con text-free grammars for the description of natural language. On the other

hand this approac h p ermits an op erational treatmen t of, e.g., the parsing problem for arbitrary

constrain t-based grammars in a consisten t and unique w a y . Since CLGs can b e seen as sp ecial

applications of CLP , the mathematical w ork of this thesis will b e based up on CLP in general,

and CLGs will serv e as running example illustrating the applicabilit y of the general w ork to

NLP . The reference to the general framew ork of CLP will generalize the results of this thesis

in a w elcome manner.

Ho w ev er, most CLP applications require some form of graded distinctions whic h are not

pro vided b y a classical CLP sc heme. A v ery imp ortan t example for this demand for gradedness

is the task of structural am biguit y resolution in CLGs. A crucial assumption in this thesis is

the claim that a framew ork of w eigh ted CLP is the solution of c hoice for the am biguit y

resolution problem for CLGs. In the follo wing c hapters w e will presen t a rigorous mathematical

form ulation of t w o di�eren t approac hes to w eigh ted CLP and w eigh ted CLGs.

The �rst approac h w e will presen t is motiv ated b y the aim to giv e the grammar de-

signer and implemen ter maximal freedom in c ho osing appropriate v alues for the w eigh ts of

the w eigh ted grammar. That is, the v alues of the w eigh ts are only restricted to b e some quan-

tities lying in a certain in terv al of real n um b ers. Suc h w eigh ts can b e restricted to meet the

axioms of probabilit y theory , but there is no need to do so. Besides sub jectiv e probabilities,

suc h quan tities could b e sub jectiv e preference v alues, or v alues obtained from exp erimen ts on

preferences in h uman language pro cessing, or v alues describing h uman judgemen ts on degrees

of gramm ticalit y , or others. In order to stress the generalit y of this approac h to w eigh ted CLP

and w eigh ted CLGs, w e will henceforth refer to it as quantitative CLP and quantitative CLGs ,

resp ectiv ely . The main task of this approac h is to sp ecify the questions of ho w to establish a

prop er w eigh t calculation sc heme for giv en v alues and of ho w to use suc h a sc heme for e�cien t

disam biguation. Since it is the grammar designer and implemen ter who has to sp ecify the

grammar and the w eigh ts, it mak es sense to tie these t w o tasks together as closely as p ossible.

That means, in the same w a y as the inference system of classical CLP is coupled with a clear
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formal seman tics, one w ould lik e to relate a quan titativ e inference system to a quan titativ e

formal seman tics, instead of adding an extralogical calculation sc heme to the w ell-de�ned logic

of CLP . Th us the task to b e addressed is to pro vide a precise, but y et simple formal seman tics

for quan titativ e inference in CLP . T o this end, w e presen t a formal seman tics for quan titativ e

CLP based up on the simple and in tuitiv e concepts of fuzzy set algebra. This seman tics and

the corresp onding sound and complete quan titativ e inference system furthermore are designed

in a w a y whic h enables the searc h tec hnique of alpha-b eta pruning to b e used quite directly

for e�cien t disam biguation. Quan titativ e CLP then pro vides an e�cien t, w ell-de�ned quan ti-

tativ e deduction system, whic h can b e adapted for sp eci�c applications b y em b edding sp eci�c

constrain t languages in to CLP and attac hing appropriate w eigh ts to them.

A completely di�eren t approac h to w eigh ted CLP and w eigh ted CLGs is presen ted b y our

mo dels of pr ob abilistic CLP and pr ob abilistic CLGs . The aim of this approac h is to sp ecify

a probabilit y distribution o v er the set of pro of trees of CLP or the parses of CLGs, and to

pro vide statistical metho ds to infer the v alues of the parameters of suc h probabilitic mo dels

from empirical data. F or a giv en sample of training data and a parametric probabilit y mo del,

b oth the parameters of the probabilistic mo del and the prop erties of the mo del asso ciated with

these parameters can b e induced automatically b y metho ds of statistical inference. W e presen t

a highly expressiv e log-linear probabilit y mo del for CLP , and a no v el algorithm to infer the pa-

rameters and prop erties of log-linear mo dels from incomplete data. W e sho w monotonicit y and

con v ergence of the new algorithm and discuss metho ds for e�cien t appro ximate computation

of the form ulae in v olv ed in the algorithm. This algorithm is applicable to log-linear mo dels

in general, and esp ecially pro vides the means for automatic and reusable training of arbitrary

probabilistic constrain t-based grammars from unparsed data. The usefulness of these concepts

is sho wn empirically in a small-scale exp erimen t on �nding preferences in parse-data from a

constrain t-based grammar. F urthermore, w e discuss the p ossibilities of using the structure of

the probabilistic mo del to guide the searc h for the most probable pro of tree or analysis, and

presen t a heuristic searc h algorithm for this task. Clearly , in this setting a mo del-theoretic

seman tics for probabilistic inference is sup er�uous since the v alues of the probabilistic param-

eters are obtained b y automatic statistical metho ds whic h are not manipulable b y the user.

Rather, w e are in terested in a sto c hastic seman tics for CLP inference whic h is determined b y

the log-linear probabilit y mo del together with the statistical metho ds for parameter estimation

and prop ert y selection from giv en input data.

1.5 Bibliographical Note

V arious parts of this thesis are based up on previously published w ork of the author. Chap. 3 is

an extended v ersion of Riezler (1996). Chap. 4 is based up on w ork presen ted in Riezler (1997),

Riezler (1998a), Riezler (1998b), and Johnson, Geman, Canon, Chi, and Riezler (1999).



Chapter 2

F oundations: Basic Concepts of CLP

and CLGs

In this c hapter w e rep ort the cen tral formal concepts of the CLP sc heme of Höhfeld and Smolk a

(1988). In preparation for the follo wing w ork w e giv e some pro ofs missing in the original pap er

and presen t the CLP sc heme in a sligh tly mo di�ed fashion. F urthermore, in order to prepare

the running example of the next c hapters, w e rep ort the main concepts of a feature-based

constrain t language for HPSG and sho w ho w to em b ed this constrain t language in to the CLP

sc heme, yielding feature-based CLGs.

2.1 In tro duction and Ov erview

Constr aint lo gic pr o gr amming is a p o w erful extension of con v en tional logic programming (Llo yd

1987), and in v olv es the incorp oration of constrain t languages and constrain t solving metho ds

in to logic programming languages. The name CLP w as �rst in tro duced b y Ja�ar and Lassez

(1986) for a general framew ork of a logic programming language that is parametrized with

resp ect to constrain t language and a domain of computation, and yields soundness and com-

pleteness results for an op erational seman tics relying on a constrain t solv er for the emplo y ed

constrain t language. F or example, con v en tional logic programming or Prolog is obtained from

CLP b y emplo ying equations b et w een �rst order terms as constrain t language and b y in ter-

preting these equations in the Herbrand univ erse. In this case the op erational seman tics of

SLD-resolution can b e seen to rely on a constrain t solv er whic h solv es term equations in the

Herbrand univ erse b y term uni�cation. Recen t extensions, re�nemen ts, and v arious applica-

tions of CLP are discussed in Ja�ar and Maher (1994). In the follo wing w e will rely on the

general CLP sc heme of Höhfeld and Smolk a (1988), whic h has b een sho wn to b e a useful

to ol for our in tended application of linguistic kno wledge represen tation (see Dörre and Dorna

7
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(1993), Götz (1995), Götz and Meurers (1995)).

The term c onstr aint lo gic gr ammars expresses the connection b et w een CLP and constrain t-

based grammars. That is, CLGs are understo o d as grammars form ulated b y means of a suitable

logical language whic h can b e used as a constrain t language in the CLP sc heme of Höhfeld

and Smolk a (1988). The idea b ehind this connection is to pro vide an op erational treatmen t

of purely declarativ ely sp eci�ed grammars. This needs further explanation: Constrain t-based

grammars enable a clear mo del-theoretic c haracterization of linguistic ob jects b y sp ecifying

grammars as sets of descriptions from a suitable logical description language, called the con-

strain t language. The descriptions, called constrain ts, are stated as axioms required to b e true

of ev ery ob ject in the domain to b e describ ed, i.e., they constrain the admissible mo dels of

the grammar. The parsing problem (and similarly the generation problem) can b e de�ned as

follo ws: Giv en a set of axioms (enco ding the grammar) and some constrain t � (enco ding the

string/logical form w e w an t to parse/generate from), w e ask if there is some mo del of our

axioms whic h satis�es � . F ollo wing Götz (to app ear), w e will call this the prediction problem.

A w ell-kno wn sub class of these grammars widely used in computational linguistics are

grammars based up on feature description languages suc h as simple P A TR grammars (Shieb er

1986) or more expressiv e grammars suc h as LF G (Bresnan and Kaplan 1982) or HPSG (P ollard

and Sag 1994). F ormalizations of the more or less informal notions of these grammars in terms

of �rst-order languages w ere �rstly presen ted b y Smolk a (1988) for P A TR and b y Johnson

(1988) and King (1989), King (1994) for LF G and HPSG, resp ectiv ely .

Ho w ev er, suc h mo del-theoretic approac hes do not necessarily pro vide an op erational in ter-

pretation of their declarativ e sp eci�cations. This ma y lead to problems with an op erational

treatmen t of mo del-theoretically w ell-de�ned problems suc h as parsing or generation. CLP

pro vides one p ossible approac h to an op erational treatmen t of v arious suc h framew orks b y

em b edding arbitrary logical languages in to constrain t logic programs. De�nite clause sp eci-

�cations o v er suc h constrain t languages then de�ne grammars as constrain t logic programs,

i.e., as sets of axiomatic in terpreted de�nite clauses. The prediction problem is in this setting

as follo ws: Giv en a program P (enco ding a grammar) and a de�nite goal G (enco ding the

string/logical form w e w an t to parse/generate from), w e ask if w e can infer an answ er ' of G

(whic h is a satis�able constrain t enco ding an analysis) pro ving the implication ' ! G to b e

a logical consequence of P .

F or feature-based grammars an em b edding of a logical language close to that of Smolk a

(1988) in to the CLP sc heme of Höhfeld and Smolk a (1988) is done in the formalism CUF

(Dörre and Eisele 1991; Dörre and Dorna 1993). This approac h quite directly o�ers the op-

erational prop erties of the CLP sc heme, but unfortunately giv es up the connection to the

mo del-theoretic sp eci�cations of the underlying feature-based grammars. A di�eren t approac h

is giv en b y Götz (1995), Götz and Meurers (1995), who de�nes an explicit translation from

a logical language close to that of King (1994) in to constrain t logic programs. This trans-
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lation pro cedure preserv es the prediction problem b y generating a constrain t logic program

P ( G ) from a feature-based grammar G in an explicit w a y . Other approac hes to an op erational

seman tics for the prediction problem of feature-based languages ha v e b een presen ted, e.g.,

b y Carp en ter (1992), Aït-Kaci, P o delski, and Goldstein (1993) or Götz (to app ear). These

approac hes are tailored esp ecially for sp eci�c feature-based languages and clearly suit the par-

ticular framew orks b etter than an em b edding of the sp eci�c languages in to a CLP sc heme.

Ho w ev er, under the CLP approac h, arbitrary constrain t-based grammars can receiv e an unique

op erational seman tics b y an em b edding in to de�nite clause sp eci�cations

1

.

W e see the main adv an tage of the CLP approac h in the p ossibilit y to rely on the w ell-

understo o d paradigm of logic programming. This allo ws the resulting programs to run on

existing arc hitectures and to use w ell-kno wn optimization tec hniques w ork ed out in this area.

The p ossibilit y to em b ed arbitrary constrain t languages in to the CLP sc heme and the broad

applicabilit y of CLP itself should generalize the w ork of the follo wing c hapters in a w elcome

manner.

This c hapter is organized as follo ws. In Sect. 2.2 w e will rep ort the main concepts of con-

strain t logic programming follo wing the CLP sc heme of Höhfeld and Smolk a (1988). As the

w ork in the next c hapters will build up on this sc heme, w e will reform ulate the main de�ni-

tions and prop ositions of Höhfeld and Smolk a (1988) in a form con v enien t for the follo wing

discussions, and giv e some missing pro ofs whic h will b e helpful to mak e this w ork parallel to

the w ork of the next c hapters.

In order to pro vide a concrete instan tiation of this CLP sc heme to constrain t logic gram-

mars, w e will rep ort in Sect. 2.3 a feature-based constrain t language and sho w ho w this lan-

guage can b e em b edded in to the CLP sc heme to yield feature-based CLGs.

2.2 Constrain t Logic Programming

The sc heme presen ted b y Höhfeld and Smolk a (1988) generalizes con v en tional logic program-

ming (Llo yd 1987) and also the constrain t logic programming sc heme of Ja�ar and Lassez

(1986) to a sc heme of de�nite clause sp eci�cations o v er arbitrary constrain t languages. Re-

lying on terminology w ell-kno wn for con v en tional logic programming, Höhfeld and Smolk a's

generalization of the k ey result of con v en tional logic programming can b e stated as follo ws:

First, for ev ery de�nite clause sp eci�cation P in the extension of an arbitrary constrain t lan-

guage L , ev ery in terpretation of L can b e extended to a minimal mo del of P . Second, the

SLD-resolution metho d for con v en tional logic programming can b e generalized to a sound and

complete op erational seman tics for de�nite clause sp eci�cations, whic h are not restricted to

1

F or example, an em b edding of a the logical language for tree-description grammars of Rogers (1994) in to

the CLP sc heme of Höhfeld and Smolk a (1988) is giv en in Mora wietz (1997).
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Horn theories. In con trast to Ja�ar and Lassez (1986), in this sc heme constrain t languages are

not required to b e sublanguages of �rst order predicate logic and do not ha v e to b e in terpreted

in a single �xed domain. Instead, a constrain t is satis�able if there is at least one in terpretation

in whic h it has a solution. This mak es this sc heme usable for a wider range of applications.

F urthermore, suc h in terpretations do not ha v e to b e solution compact

2

. This w as necessary

in Ja�ar and Lassez (1986) to pro vide a sound and complete treatmen t of negation as failure.

Höhfeld and Smolk a (1988) do not include negation as failure but rather let the em b edded

constrain t language pro vide for logical negation.

2.2.1 Constrain t Languages

A v ery general c haracterization of the concept of constrain t language can b e giv en as follo ws.

De�nition 2.1 ( L ). A c onstr aint language L c onsists of

� an L -signatur e, sp e cifying the non-lo gic al elements of the alphab et of the language,

� a de cidable in�nite set V AR whose elements ar e c al le d variables,

� a de cidable set CON of L -c onstr aints which ar e pie c es of syntax built fr om the L -

signatur e, the variables in V AR , and the lo gic al elements of the alphab et of the language,

� a c omputable function V assigning to every c onstr aint � 2 CON a �nite set V ( � ) of

variables, the variables c onstr aine d by � ,

� a nonempty set of L -interpr etations INT , wher e e ach L -interpr etation I 2 INT is de-

�ne d w.r.t. a nonempty set D , the domain of I , and a set ASS of variable assignments

� : V AR ! D ,

� a function [ [ � ] ]

I

mapping every c onstr aint � 2 CON to a set [ [ � ] ]

I

of variable assignments,

the solutions of � in I .

� F urthermor e, a c onstr aint � c onstr ains only the variables in V ( � ) , i.e., if � 2 [ [ � ] ]

I

and

� is a variable assignment that agr e es with � on V ( � ) , then � 2 [ [ � ] ]

I

.

In order to state certain closure conditions on constrain t languages, further de�nitions are

necessary . The follo wing de�nitions are made with resp ect to some giv en constrain t language.

De�nition 2.2.

� A renaming is a bije ction V AR ! V AR that is the identity exc ept for �nitely many

exc eptions.

2

That is, it is not necessary that ev ery elemen t of an in terpretation m ust b e obtainable as the unique

solution of a p ossibly in�nite set of constrain ts. See Ja�ar and Lassez (1986).
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� A c onstr aint �

0

is a � -v arian t of a c onstr aint � under a r enaming � i� �

0

= �� , i.e., �

0

is the c onstr aint obtaine d fr om � by simultane ously r eplacing e ach o c cur enc e of a variable

X in � by � ( X ) for al l variables X in V ( � ) , and so [ [ � ] ]

I

= [ [ �

0

] ]

I

� � �

:= f � � � j � 2 [ [ �

0

] ]

I

g ,

i.e., the function c omp ositions of the solutions of �

0

and a r enaming � yield the solutions

of � , for al l interpr etations I .

� A c onstr aint �

0

is a v arian t of a c onstr aint � if ther e exists a r enaming � s.t. �

0

is a

� -variant of � .

The follo wing closure conditions on constrain t languages will b e con v enien t in the further

discussion.

De�nition 2.3. A c onstr aint language is

� closed under renaming i� every c onstr aint has a � -variant for every r enaming � ,

� closed under in tersection i� for every two c onstr aints � and �

0

ther e exists a c on-

str aint  s.t. [ [ � ] ]

I

\ [ [ �

0

] ]

I

= [ [  ] ]

I

for every interpr etation I ,

� decidable i� the satis�ability of its c onstr aints is de cidable. A c onstr aint � is satis�able

i� ther e exists at le ast one interpr etation in which � has a solution.

2.2.2 Relationally Extended Constrain t Languages

T o obtain constrain t logic programs, a giv en constrain t language L has to b e extended to

a constrain t language R ( L ) pro viding for the necessary relational atoms and prop ositional

connectiv es.

De�nition 2.4 ( R ( L ) ). A c onstr aint language R ( L ) extending a c onstr aint

language L is de�ne d as fol lows:

� The signatur e of R ( L ) is an extension of the signatur e of L with a de cidable set R of

r elation symb ols and an arity function Ar : R ! I N .

� The variables of R ( L ) ar e the variables of L .

� The set of R ( L ) -c onstr aints is the smal lest set s.t.

1. � is an R ( L ) -c onstr aint if � is an L -c onstr aint,

2. r ( ~ x ) is an R ( L ) -c onstr aint, c al le d an atom , if r 2 R is a r elation symb ol with arity

n and ~ x is an n-tuple of p airwise distinct variables,

3. ; , F & G , F ! G ar e R ( L ) -c onstr aints, if F and G ar e R ( L ) -c onstr aints,
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4. � & B

1

& : : : & B

n

! A is an R ( L ) -c onstr aint, c al le d a de�nite clause , if A,

B

1

; : : : ; B

n

ar e atoms and � is an L -c onstr aint. W e may write a de�nite clause also

as A  � & B

1

& : : : & B

n

.

� The variables c onstr aine d by an R ( L ) -c onstr aint ar e de�ne d as fol lows: If � is an L -

c onstr aint, then V ( � ) is de�ne d as in L ; V ( r ( x

1

; : : : ; x

n

)) := f x

1

; : : : ; x

n

g ; V ( ; ) := ; ;

V ( F & G ) := V ( F ) [ V ( G ) ; V ( F ! G ) := V ( F ) [ V ( G ) .

� F or e ach L -interpr etation I , an R ( L ) -interpr etation A is an extension of an L -inter-

pr etation I with r elations r

A

on the domain D of A with appr opriate arity for every

r 2 R , and the domain of A is the domain of I .

� F or e ach R ( L ) -interpr etation A , for e ach L -interpr etation I , [ [ � ] ]

A

is a function map-

ping every R ( L ) -c onstr aint to a set of variable assignments s.t.

1. [ [ � ] ]

A

= [ [ � ] ]

I

if � is an L -c onstr aint,

2. [ [ r ( ~ x )] ]

A

= f � 2 ASS j � ( ~ x ) 2 r

A

g ,

3. [ [ ; ] ]

A

= ASS ,

4. [ [ F & G ] ]

A

= [ [ F ] ]

A

\ [ [ G ] ]

A

,

5. [ [ F ! G ] ]

A

= ( ASS n [ [ F ] ]

A

) [ [ [ G ] ]

A

.

Note that w e sligh tly abuse the notation � ( ~ x ) to abbreviate the notation

( � ( x

1

) ; � ( x

2

) ; : : : ; � ( x

n

)) for a n-tuple of ob jects assigned to a n-tuple ~ x of v ariables b y a

v ariable assignmen t � .

2.2.3 Syn tax and Declarativ e Seman tics of De�nite Clause Sp eci�cations

The concept of a constrain t logic program no w can b e de�ned as a de�nite clause sp eci�cation

o v er a constrain t language.

De�nition 2.5 (De�nite clause sp eci�cation). A de�nite clause sp e ci�c ation P over a

c onstr aint language L is a set of de�nite clauses fr om a c onstr aint language R ( L ) extending

L .

Mo dels of de�nite clause sp eci�cations are determined b y the de�nite clauses constituting

these sp eci�cations, i.e., a de�nite clause sp eci�cation has its de�nite clauses as its axioms.

F or reasons of generalit y , the follo wing t w o de�nitions are made with resp ect to general sets

of R ( L ) -constrain ts.

De�nition 2.6 (Mo del). A n R ( L ) -interpr etation A is a mo del of a set 	 of R ( L ) -c on-

str aints i� for every � 2 ASS , for every  2 	 : � 2 [ [  ] ]

A

.
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F or con v enience w e furthermore in tro duce the concept of logical consequence.

De�nition 2.7 (Logical consequence). A n R ( L ) -c onstr aint  is a lo gic al c onse quenc e of

set 	 of R ( L ) -c onstr aints i�, for every R ( L ) -interpr etation A , A is a mo del of 	 implies that

A is a mo del of  .

A goal G is de�ned as a p ossibly empt y conjunction of L -constrain ts and R ( L ) -atoms.

Giv en a de�nite clause sp eci�cation P and a goal G , a P -answ er of G is de�ned as a

satis�able L -constrain t � suc h that the implication � ! G is a logical consequence of P .

In order to sho w that the seman tic prop erties of con v en tional logic programming ex-

tend to CLP , Höhfeld and Smolk a (1988) �rst de�ne a partial ordering on the set of R ( L ) -

in terpretations. R ( L ) -in terpretations extending the same L -in terpretation I are called base

equiv alen t, and I is called the base of these R ( L ) -in terpretations. A partial ordering on suc h

R ( L ) -in terpretations is de�ned via a partial ordering on the set of the denotations of the

relation sym b ols in these in terpretations. W e get for all base equiv alen t R ( L ) -in terpretations

A ; A

0

:

� A � A

0

i� for eac h n-ary relation sym b ol r 2 R : r

A

� r

A

0

,

� A =

S

X i� for eac h n-ary relation sym b ol r 2 R : r

A

=

S

f r

A

0

j A

0

2 X g ,

� A =

T

X i� for eac h n-ary relation sym b ol r 2 R : r

A

=

T

f r

A

0

j A

0

2 X g .

This set of base equiv alen t R ( L ) -in terpretations is a complete lattice under the partial order

of set inclusion. That is, for ev ery set of base-equiv alen t R ( L ) -in terpretations w e ha v e a

suprem um, giv en b y the union, and an in�m um, giv en b y the in tersection of the in terpretations

in the set. The top elemen t is the R ( L ) -in terpretation A

>

suc h that for eac h n-ary relation

sym b ol r 2 R : r

A

>

= D

Ar ( r )

, and the b ottom elemen t is A

?

s.t for eac h n-ary relation sym b ol

r 2 R : r

A

?

= ; .

Prop osition 2.1, due to Höhfeld and Smolk a (1988), generalizes the �xp oin t- or lattice-

theoretic seman tics of con v en tional logic programming to CLP . It sa ys that for eac h L -

in terpretation I , a de�nite clause sp eci�cation P in R ( L ) de�nes unique minimal denotations

for the relation sym b ols of R . That is, ev ery L -in terpretation I can b e used to construct

a minimal mo del for P in R ( L ) . All questions concering the declarativ e seman tics of CLP

can then b e dealt with in terms of a minimal mo del seman tics. Moreo v er, a minimal mo del

seman tics is crucial for the construction of a sound and complete deduction system for CLP .

Prop osition 2.1 (Höhfeld and Smolk a (1988), Theorem 4.4.). L et I b e an L -interpr e-

tation and P b e a de�nite clause sp e ci�c ation in R ( L ) . Then the e quations

r

A

0

:= ; ,

r

A

i +1

:= f � ( ~ x ) j ther e is a clause ( r ( ~ x )  G ) 2 P and � 2 [ [ G ] ]

A

i

g
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(i) de�ne a chain A

0

� A

1

� : : : of R ( L ) -interpr etations extending I ,

(ii) the union A :=

S

i � 0

A

i

is a mo del of P extending I ,

(iii) A is the minimal mo del of P extending I .

Prop osition 2.2 connects the concept of a P -answ er with the minimal mo del seman tics of

P (see Höhfeld and Smolk a (1988), Prop osition 4.5.). This prop osition justi�es the restriction

of the declarativ e seman tics of CLP to a minimal mo del seman tics. W e pro v e this prop osition

explicitly with reference to the concept of logical consequence.

Prop osition 2.2. F or e ach de�nite clause sp e ci�c ation P in R ( L ) , for e ach go al G , for e ach

L -c onstr aint � : � ! G is a lo gic al c onse quenc e of P i� e ach minimal mo del A of P is a mo del

of � ! G .

Pr o of. If: F or eac h minimal mo del A of P : A is a mo del of � ! G

= ) for ev ery mo del B of P base equiv alen t to some minimal mo del A of P : B is a mo del of

� ! G , since A � B b y Prop osition 2.1

= ) � ! G is a logical consequence of P .

Only if: � ! G is a logical consequence of P

= ) ev ery mo del of P is a mo del of � ! G , b y De�nition 2.7

= ) A is a mo del of � ! G .

2.2.4 Op erational Seman tics of De�nite Clause Sp eci�cations

The follo wing de�nitions are made with resp ect to some implicit L , R , P , and V , where V

denotes the �nite set of v ariables in the query and the V -solutions of a constrain t � in an

in terpretation I are de�ned as [ [ � ] ]

I

V

:= f � j

V

j � 2 [ [ � ] ]

I

g and � j

V

is the restriction of � to V .

Höhfeld and Smolk a (1988) de�ne the generalization of the SLD-resolution rule b y a binary

relation

r

� ! , called goal reduction , on the set of goals. The rule selects the leftmost atom in

the goal, lo oks for a v arian t of a program clause with the selected atom as head, and replaces

the selected atom in the goal b y the b o dy of the v arian t clause. F urthermore, the rule ensures

that no acciden tal v ariable sharing is in tro duced b y the v arian t.

A & G

r

� ! F & G if A  F is a v arian t of a clause in P

s.t. ( V [ V ( G )) \ V ( F ) � V ( A ) .

A second rule tak es care of constrain t solving for the L -constrain ts app earing in subsequen t

goals. The rule tak es the conjunction of the L -constrain ts from the reduced goal and the
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applied clause and giv es, via the blac k b o x of a suitable L - constrain t solv er, a satis�able L -

constrain t in solv ed form if the conjunction of L -constrain ts is satis�able. If the conjunction of

L -constrain ts is not satis�able, an L -constrain t ? denoting failure is returned. The constrain t

solving rule can then b e de�ned as a total function

c

� ! on the set of goals.

� & �

0

& G

c

� ! �

00

& G if [ [ � & �

0

] ]

I

V [ V ( G )

= [ [ �

00

] ]

I

V [ V ( G )

for all L -in terpretations I and for all L -constrain ts �; �

0

and �

00

.

F urthermore, a complexit y measure that mirrors the construction steps of a minimal mo del

in the complexit y of goal reduction is in tro duced. This measure will b e crucial for pro ving

completeness of goal reduction.

� The complexit y of a v ariable assignmen t � for an atom A in the minimal mo del A where

� 2 [ [ A ] ]

A

is de�ned as

comp ( �; A; A ) := min f i j � 2 [ [ A ] ]

A

i

g ;

� The complexit y of � for goal G in A where � 2 [ [ G ] ]

A

is

comp ( �; G; A ) := f comp ( �; A; A ) j A is an atom in G g

where f : : : g is a m ultiset;

� The V �complexit y of � for G in A where � 2 [ [ G ] ]

A

V

is

comp

V

( �; G; A ) := min f comp ( � ; G; A ) j � 2 [ [ G ] ]

A

and � = � j

V

g

where � j

V

is the restriction of � to the v ariables in V , and the minim um is tak en with

resp ect to a total ordering on m ultisets suc h that M � M

0

i� 8 x 2 M n M

0

; 9 x

0

2 M

0

n M

s.t. x < x

0

.

Höhfeld and Smolk a (1988) pro v e the follo wing prop ositions sho wing that goal reduction is

a sound and complete rule for deducing P -answ ers from general de�nite clause sp eci�cations.

W e pro v e the main results explicitly in Prop ositions 2.4 (soundness) and 2.6 (completeness).

Note that soundness and completeness can b e pro v en without reference to constrain t solving,

Prop osition 2.3 (Höhfeld and Smolk a (1988), Prop osition 5.1.). If G

1

r

� ! G

2

, then

[ [ G

2

] ]

A

� [ [ G

1

] ]

A

for every mo del A of P .

Prop osition 2.4. If G

r

� !

�

� , then � ! G is a lo gic al c onse quenc e of P .

Pr o of. G

r

� !

�

�

= ) [ [ � ] ]

A

� [ [ G ] ]

A

for ev ery mo del A of P , b y Prop osition 2.3 and transitivit y of �
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= ) for ev ery mo del A of P : [ [ � ! G ] ]

A

= ASS , since for ev ery mo del A of P : [ [ � ] ]

A

� [ [ G ] ]

A

= ) for ev ery mo del A of P : A is a mo del of � ! G , b y De�nition 2.6

= ) � ! G is a logical consequence of P .

Prop osition 2.5 (Höhfeld and Smolk a (1988), Theorem 5.2.). L et L b e close d under

r enaming, A b e a minimal mo del of P , G

1

b e a go al, A b e an atom in G

1

, and � 2 [ [ G

1

] ]

A

V

.

Then ther e exists a clause C in P and a go al G

2

s.t. G

1

r

� ! G

2

using a variant of C on A is

p ossible, � 2 [ [ G

2

] ]

A

V

and comp

V

( �; G

2

; A ) < comp

V

( �; G

1

; A ) .

Prop osition 2.6 (Höhfeld and Smolk a (1988), Corollary 5.3.). L et L b e close d under

r enaming, A b e a minimal mo del of P , G b e a go al and � 2 [ [ G ] ]

A

V

. Then ther e exists a P -answer

� of G s.t. G

r

� !

�

� and � 2 [ [ � ] ]

A

V

.

Pr o of. The result is pro v en b y induction on comp

V

( �; G; A ) .

Base: Goals with m ulitset complexit y ; ha v e to b e a satis�able L -constrain t � . Then �

r

� !

0

�

and � is a P -answ er of itself.

Hyp othesis : Supp ose the result holds for goals with m ultiset complexit y less than some m ul-

tiset N .

Step : comp

V

( �

0

; G

1

; A ) = N and �

0

2 [ [ G

1

] ]

A

V

= ) there exists a clause C of P and a goal G

2

s.t. G

1

r

� ! G

2

and �

0

2 [ [ G

2

] ]

A

V

and

comp

V

( �

0

; G

2

; A ) < comp

V

( �

0

; G

1

; A ) , b y Prop osition 2.5

= ) there exists a P -answ er � of G

2

s.t. G

2

r

� !

�

� and �

0

2 [ [ � ] ]

A

V

, b y the h yp othesis

= ) there exists a P -answ er � of G

1

s.t. G

1

r

� !

�

� and �

0

2 [ [ � ] ]

A

V

, and b y Prop osition 2.4,

� ! G

1

is a logical consequence of P .

The result follo ws b y arithmetic induction.

In all follo wing examples, w e will use a standard Prolog resolution pro cedure for the CLP

sc heme of Höhfeld and Smolk a (1988), i.e., w e com bine the left-righ t selection rule de�ned

in goal reduction with a depth-�rst searc h rule. F urthermore, after eac h goal reduction step,

constrain t solving is applied, and another clause is tried immediately if constrain t solving fails.

Moreo v er, it will b e con v enien t in the follo wing discussion to view the searc h space determined

b y the deriv ation rules

r

� ! and

c

� ! as a searc h of a tree. A deriv ation tree is de�ned as follo ws.

De�nition 2.8 (Deriv ation tree). A derivation tr e e determine d by a query G

1

and a de�-

nite clause sp e ci�c ation P has to satisfy the fol lowing c onditions:

1. Each no de is either a r elation no de or a c onstr aint no de.
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2. The suc c essors of every r elation no de ar e al l c onstr aint no des s.t. for every

r

� ! -r esolvent

G

0

obtainable by a clause C fr om go al G in a r elation no de, ther e is a suc c essor c onstr aint

no de lab ele d by C and G

0

.

3. The suc c essors of every c onstr aint no de ar e al l r elation no des s.t. for the unique

c

� ! -

r esolvent G & �

00

obtainable fr om go al G & � & �

0

in a c onstr aint no de, ther e is a suc c essor

r elation no de lab ele d by G & �

00

.

4. The r o ot no de is a r elation no de lab ele d by G

1

.

5. A suc c ess no de is a terminal r elation no de lab ele d by a satis�able L -c onstr aint.

Successful deriv ations corresp ond to subtrees of deriv ation trees whic h are lab eled b y ter-

minal success no des. Suc h trees can b e de�ned as pro of trees as follo ws.

De�nition 2.9 (Pro of tree). A pr o of tr e e for a query G

1

fr om P is a subtr e e of a derivation

tr e e determine d by G

1

and P and is de�ne d as fol lows:

1. A r elation no de of the pr o of tr e e is a r elation no de of the sup ertr e e and takes one of the

suc c essors of the r elation no de of the sup ertr e e as its suc c essor no de.

2. A c onstr aint no de of the pr o of tr e e is a c onstr aint no de of the sup ertr e e and takes the

unique suc c essor of the c onstr aint no de of the sup ertr e e as its suc c essor no de.

3. The r o ot no de of the pr o of tr e e is the r o ot no de of the sup ertr e e.

4. The terminal no de of the pr o of tr e e is a suc c ess no de of the sup ertr e e, lab ele d by a satis-

�able L -c onstr aint, c al le d answer c onstr aint.

Let us illustrate the basic concepts of CLP with an example. A simple program consisting

of clauses 1 to 3 is depicted in Fig. 2.1.

1 q ( X )  p ( X ) :

2 p ( X )  X = a:

3 p ( X )  X = b:

Figure 2.1: Constrain t logic program

The L -constrain ts are considered to come from a language of hierarc hical t yp es, where

the ordering on t yp es is de�ned via the op eration of set inclusion on their denotations. In our

example, w e ha v e [ [ a ] ]

I

� [ [ e ] ]

I

; [ [ b ] ]

I

� [ [ e ] ]

I

and [ [ a ] ]

I

\ [ [ b ] ]

I

= ; . This hierarc h y is depicted

graphically in Fig. 2.2.
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a b

e

Figure 2.2: T yp e hierarc h y

p

A

0

= ; ; q

A

0

= ; ;

p

A

1

= f [ [ a ] ]

I

; [ [ b ] ]

I

g ; q

A

1

= ; ;

p

A

2

= f [ [ a ] ]

I

; [ [ b ] ]

I

g ; q

A

2

= f [ [ a ] ]

I

; [ [ b ] ]

I

g ;

.

.

.

p

A

= f [ [ a ] ]

I

; [ [ b ] ]

I

g ; q

A

= f [ [ a ] ]

I

; [ [ b ] ]

I

g ; where A =

S

i � 0

A

i

.

Figure 2.3: Minimal mo del construction for constrain t logic program

X = a

c

2 , X = e & X = a

X = b

c

3 , X = e & X = b

r r

p ( X ) & X = e

c

1 , p ( X ) & X = e

r

q ( X ) & X = e

Figure 2.4: Deriv ation tree for constrain t logic program
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The construction of a minimal mo del for the program of Fig. 2.1 is sho wn in Fig. 2.3. The

unique minimal denotations of the relation sym b ols p and q are obtained in step 1 and 2 of

the minimal mo del construction resp ectiv ely .

A deriv ation tree for the query q ( X ) & X = e from the program of Fig. 2.1 is giv en in Fig.

2.4. W e depict only the success branc hes of the deriv ation tree, yielding t w o distinct pro of

trees for the query , with answ er constrain ts X = a and X = b resp ectiv ely .

Soundness of the CLP sc heme implies that corresp onding to the deriv ation of X = a and

X = b , w e kno w that the implications X = a ! q ( X ) & X = e and X = b ! q ( X ) & X = e

are logical consequences of the program of Fig. 2.1. This is easily v eri�ed from the minimal

mo del giv en in Fig. 2.3. F urthermore, completeness of the CLP sc heme is easily v eri�ed from

the fact that for solutions � 2 [ [ q ( X ) & X = e ] ]

A

V

and �

0

2 [ [ q ( X ) & X = e ] ]

A

V

, w e can deriv e

P -answ ers with � 2 [ [ X = a ] ]

A

V

and �

0

2 [ [ X = b ] ]

A

V

.

2.3 Constrain t Logic Grammars

In this section, w e will explicate the concept of constrain t logic grammars. T o this end, w e will

restrict our atten tion to feature-based CLGs and discuss in particular the main prop erties of

an HPSG instance of suc h grammars.

W e will sho w ho w a feature-based constrain t language can b e obtained from a feature-

based logical description language, and ho w suc h a constrain t language can b e em b edded in to

the CLP sc heme of Höhfeld and Smolk a (1988), yielding a feature-based CLG. The language

to b e discussed is that of Götz (1995), Götz (to app ear), whic h is close to that of King (1989),

King (1994) (mo dulo the usage of v ariables) and Smolk a (1988), Smolk a (1992) (mo dulo

appropriateness conditions). This language pro vides a description language F D sp ecifying the

logical foundations of HPSG grammars and is extendable to a constrain t language F L , in the

sense of Höhfeld and Smolk a (1988). The expressiv e p o w er of the language is smaller than or

equal to the expressiv e p o w er of �rst-order predicate logic with equalit y .

2.3.1 A F eature-Based Constrain t Language

The language is based on a notion of signature, i.e., the non-logical elemen ts of the alphab et,

declaring the structures the linguist is in terested in. A signature sp eci�es a set of feature

sym b ols, a lattice of sort sym b ols and appropriateness conditions restricting the functional

prop erties of the feature sym b ols. All subsequen t w ork should b e understo o d with resp ect to

an implicit signature � .

De�nition 2.10 (Signature). A signatur e is a quadruple hT ; � ; F ; appr op i s.t.

� hT ; �i is a �nite join-semilattic e of typ es,
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� S = f t 2 T j if t

0

� t then t

0

= t g is a �nite set of minimal typ es,

� F is a �nite set of fe atur e symb ols,

� appr op : S � F * T is a p artial function fr om p airs of minimal typ es and fe atur es to

typ es.

The w ell-formed form ulae of the feature-based description language F D , called feature

descriptions, are built from the sym b ols in the signature, a coun tably in�nite set of v ariables

V AR , the sym b ol : assigning features to their v alues, and the standard b o olean connectiv es.

Expressions of this kind can b e seen as the formal equiv alen t of the A VM notation used in

P ollard and Sag (1994). The set Desc of feature descriptions is de�ned as follo ws.

De�nition 2.11 (F eature descriptions). The set Desc of fe atur e descriptions is the smal l-

est set s.t.

� X is a description if X 2 V AR ,

� t is a description if t 2 T ,

� f:D is a description if f 2 F , D 2 Desc ,

� D

1

^ D

2

; D

1

_ D

2

; : D

1

; D

1

! D

2

ar e descriptions if D

1

2 Desc ; D

2

2 Desc :

An in terpretation of a signature is based on an arbitrary domain of ob jects, and assigns to

ev ery ob ject exactly one minimal t yp e, and to ev ery feature sym b ol a partial function on the

domain. The domains and ranges of these functions are determined b y the appr op function.

This function sp eci�es that for eac h ob ject u of a minimal t yp e s , there is a connected ob ject

F ( f )( u ) de�ned i� appr op ( s; f ) is de�ned, and the t yp e S ( F ( f )( u )) of this connected ob ject

has to b e appropriate.

De�nition 2.12 (In terpretation). A n interpr etation is a quadruple I = h U, S, F i s.t.

� U is a set of obje cts, the domain of I ,

� S: U ! S is a total function fr om the domain to the set of minimal typ es,

� F: F ! U

U

is a is a total fe atur e interpr etation function s.t.

1. for e ach u 2 U , for e ach f 2 F , if appr op ( S ( u ) ; f ) is de�ne d and

appr op ( S ( u ) ; f ) = t , then F ( f )( u ) is de�ne d and S ( F ( f )( u )) � t ,

2. for e ach u 2 U , for e ach f 2 F , if F ( f )( u ) is de�ne d, then

appr op ( S ( u ) ; f ) is de�ne d and S ( F ( f )( u )) � appr op ( S ( u ) ; f ) .
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The denotation of feature descriptions with resp ect to an in terpretation I and a v ariable

assignmen t � is de�ned to b e a subset of the domain for ev ery feature description. By ab-

stracting a w a y from the v ariable assignmen t, w e arriv e at a concept of abstract denotation

comprising the denotation of a feature description under ev ery p ossible v ariable assignmen t.

De�nition 2.13 (V ariable assignmen t). A variable assignment � : V AR ! U is a total

function fr om the set of variables to the domain. W rite ASS for the set of variable assignments.

De�nition 2.14 (F eature description denotation).

� [ [ X ] ]

I

�

= f � ( X ) g if X 2 V AR ,

� [ [ t ] ]

I

�

= f u 2 U j S ( u ) � t g if t 2 T ,

� [ [ f : D ] ]

I

�

= f u 2 U j F ( f )( u ) is de�ne d, F ( f )( u ) 2 [ [ D ] ]

I

�

g if f 2 F , D 2 Desc ,

� [ [ D

1

^ D

2

] ]

I

�

= [ [ D

1

] ]

I

�

\ [ [ D

2

] ]

I

�

if D

1

; D

2

2 Desc ,

� [ [ D

1

_ D

2

] ]

I

�

= [ [ D

1

] ]

I

�

[ [ [ D

2

] ]

I

�

if D

1

; D

2

2 Desc ,

� [ [ : D

1

] ]

I

�

= U n [ [ D

1

] ]

I

�

if D

1

2 Desc ,

� [ [ D

1

! D

2

] ]

I

�

= ( U n [ [ D

1

] ]

I

�

) [ [ [ D

2

] ]

I

�

if D

1

; D

2

2 Desc :

De�nition 2.15 (Abstract denotation).

[ [ D ] ]

I

=

S

� 2 ASS

[ [ D ] ]

I

�

if D 2 Desc :

T o obtain a feature-based constrain t language F L ful�lling the closure requiremen ts on

constrain t languages stated b y Höhfeld and Smolk a (1988), �rst w e simply ha v e to attac h ev ery

feature description D in F D with a new v ariable not o ccuring in the set V ( D ) of v ariables in D .

This a v oids acciden tal v ariable sharing and guaran tees renaming closure of F L . F urthermore,

an explicit de�nition of conjunction of feature constrain ts ensures in tersection closure of F L .

De�nition 2.16 (F eature constrain ts).

� X = D is a c onstr aint if X 2 V AR ; X 62 V ( D ) , D 2 Desc ,

� � & �

0

is a c onstr aint if �; �

0

ar e c onstr aints.

The denotation of a constrain t is de�ned b y a function mapping ev ery constrain t to a

set of v ariable assignmen ts, called solutions. The solutions of a constrain t X = D are the

v ariable assignmen ts in ASS whic h constrain the v alue of the v ariable X to the ob jects in

the denotation of D . The denotation of a conjunction of constrain ts is the in tersection of the

resp ectiv e denotations.

De�nition 2.17 (F eature constrain t solutions).
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� [ [ X = D ] ]

I

= f � 2 ASS j � ( X ) 2 [ [ D ] ]

I

�

g if X 2 V AR , X 62 V ( D ) , D 2 Desc ,

� [ [ � & �

0

] ]

I

= [ [ � ] ]

I

\ [ [ �

0

] ]

I

if �; �

0

ar e c onstr aints.

Next w e ha v e to consider the problem of deciding satis�abilit y of feature descriptions and

feature constrain ts.

De�nition 2.18 (Satis�abilit y of feature descriptions). A fe atur e description D is sat-

is�able i� ther e is an interpr etation I s.t. [ [ D ] ]

I

6= ; .

This problem has b een sho wn to b e decidable for feature-based description languages

closely related to the ab o v e rep orted one. F or the description language rep orted ab o v e, a

decision algorithm is giv en b y Götz (to app ear), for the v ariable-free notational v arian t of

King (1994) b y Kepser (1994), for a less expressiv e v ersion of the language not emplo ying

appropriateness conditions b y Smolk a (1988), Smolk a (1992), or for an ev en less expressiv e

v ersion emplo ying conjunction as only b o olean op erator b y Aït-Kaci, P o delski, and Goldstein

(1993).

Most of these approac hes adapt for satis�abilit y c hec king a constrain t solving metho d simi-

lar to that of Smolk a (1988), Smolk a (1992). This metho d is a three-step transformation pro cess

from feature descriptions to a solv ed form of feature constrain ts displa ying (un)satis�abilit y .

F ollo wing Götz (to app ear), constrain t solving for the feature-based constrain t language re-

p orted ab o v e can b e illustrated as follo ws: Firstly , ev ery feature description is transformed

to disjunctiv e normal form; secondly , ev ery feature description in disjunctiv e normal form is

transformed in to a (disjunctiv ely in terpreted) set of (conjunctiv ely in terpreted) sets of feature

constrain ts of the simple form X = Y , X = : Y , X = t or X = f : Y ; thirdly , ev ery suc h set

of sets of simple feature constrain ts is transformed in to a set of sets of feature constrain ts in

solv ed form.

F or reasons of readabilit y , w e will consider the constrain t solv er for the feature-based

constrain t language F L in the follo wing as a blac k b o x. The in terested reader is referred for

details and pro ofs to Götz (to app ear). In all subsequen t examples, w e will depict only the

result of constrain t solving, re-translated from simple feature constrain ts in solv ed normal

form to feature constrain ts in a more readable form according to De�nition 2.16.

The notion of satis�abilit y de�ned for feature constrain ts is as follo ws.

De�nition 2.19 (Satis�abilit y of feature constrain ts). A fe atur e c onstr aint � is satis�-

able i� ther e exists an interpr etation I s.t. [ [ � ] ]

I

6= ; .

Since ev ery feature constrain t is satis�able whenev er the em b edded feature description is

satis�able, and since satis�abilit y of feature descriptions is decidable, w e get immediately the

desired decidabilit y result for the feature-based constrain t language F L . T o sum up, since
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F L is closed under renaming and in tersection, and due to the decidabilit y algorithm for F L

constrain t solving of Götz (to app ear), w e can state the follo wing prop osition.

Prop osition 2.7. F L is a de cidable c onstr aint language close d under r enaming and interse c-

tion.

2.3.2 F eature-Based Constrain t Logic Grammars

F eature-based grammars can b e built in a pure declarativ e w a y simply as sets of axiomatic

in terpreted feature descriptions from the feature description language F D .

De�nition 2.20 (Grammar). A fe atur e-b ase d gr ammar G is a �nite set of fe atur e descrip-

tions s.t. G � Desc .

The feature descriptions comprising a grammar constrain the admissible mo dels of the

grammar in that in ev ery mo del of a grammar ev ery feature description m ust b e true of ev ery

ob ject.

De�nition 2.21 (Mo del). A mo del of a fe atur e c onstr aint gr ammar G is an interpr etation

I = h U, S, F i s.t. for every u 2 U , for every D 2 G : u 2 [ [ D ] ]

I

.

The cen tral problem of prediction can then b e de�ned mo del-theoretically as a relation

b et w een grammars and feature descriptions enco ding the questioned input.

De�nition 2.22 (Prediction). A fe atur e description D is pr e dicte d by a gr ammar G i� ther e

is a mo del I of G s.t. [ [ D ] ]

I

6= ; .

In con trast to this de�nition, the linguistic problem of grammaticalit y is sometimes consid-

ered as a relation b et w een grammars and ob jects. As w e will see b elo w, the syn tactic co ding of

Def. 2.22 enables a connection of the mo del-theoretic concept of prediction with the implemen-

tational parsing/generation problem. The problem of prediction has sho wn to b e undecidable

for v arious feature-based description languages (see Aït-Kaci, P o delski, and Goldstein (1993),

Smolk a (1992), Götz (to app ear)). As sho wn b y Götz (to app ear), decidable fragmen ts of suc h

languages are obtainable, e.g., in the form of grammars ful�lling the �nite mo del prop ert y .

De�nition 2.23. A gr ammar G has the �nite mo del pr op erty i� for al l descriptions D ,

G pr e dicts D i� G has a �nite mo del I s.t [ [ D ] ]

I

6= ; .

Note that ev en if for grammars ha ving the �nite mo del prop ert y the prediction problem is

decidable, it is undecidable if a grammar has the �nite mo del prop ert y of not. Th us it has to

b e k ept in mind that decidabilit y of the prediction problem for linguistically in teresting CLGs

is based on an assumption of �niteness of linguistic structures.
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T o obtain feature-based CLGs from feature-based grammars, the feature descriptions from

F D ha v e to b e extended to feature constrain ts from F L , whic h then can b e em b edded as F L -

constrain ts in to a suitable de�nite clause sp ecifcation in R ( F L ) . An example for suc h an

em b edding of a feature-based grammar in to the CLP sc heme of Höhfeld and Smolk a (1988)

is giv en b elo w. The resulting feature-based CLG can b e seen as a notational v arian t of a

CUF-grammar (Dörre and Eisele 1991; Dörre and Dorna 1993). Alternativ ely , when replacing

the predicates of this feature-based CLG b y a single predicate gram in all clauses, w e arriv e

at a program whic h w ould result from a direct application of the compilation algorithm of

Götz (1995), Götz and Meurers (1995) to a feature-based grammar

3

. This compilation sc heme

connects the mo del-theoretic concept of prediction with the logic programming concept of

P -answ er directly . This is done b y an automatic generation of a R ( F L ) -program P for ev ery

F D -grammar G , where the program de�nes an unary relation gram enco ding prediction. This

enco ding is said to b e correct under the follo wing conditions.

De�nition 2.24. L et P b e a de�nite clause sp e ci�c ation in F L de�ning the r elation gram ,

and let G a gr ammar fr om F D . Then P is a c orr e ct tr anslation of G i�

G pr e dicts fe atur e description D i� the go al gram ( X ) & X = D has a P -answer.

The compilation sc heme presen ted b y Götz (1995) is sound and for a large class of gram-

mars complete. A su�cien t condition to receiv e correct translations in the sense of Def. 2.24

is again the �nite mo del prop ert y . Th us under the assumption that linguistic structures are

�nite, CLP can b e seen as a useful parsing sc heme for linguistically in teresting feature-based

CLGs.

Let us illustrate these concepts with an example. Supp ose a simple grammar licensing,

among others, analyses suc h as

[ P eter bel iev es [ C l inton

N

tal k s

V

]

S

]

S

or

[ P eter bel iev es [ C l inton

N

tal k s

N

]

N P

]

S

:

W e will de�ne no w a feature-based grammar presen ting a F D -enco ding of the part of this

grammar whic h is relev an t for the structural am biguit y . It is a mo di�ed and extended v ersion

of an example from Carp en ter (1992).

3

Based on a di�eren tiation of t yp es in distinct sets according to whether and ho w they app ear as an teceden ts

of grammar constrain ts, this compilaton pro cedure in tro duces a set of clauses de�ning the single predicate gram

for eac h suc h set of t yp es. A ctually , for the example giv en b elo w, this compilation sc heme w ould also pro duce

a clause gram ( X )  X = t for eac h minimal t yp e t of the grammar signature whic h is not the an teceden t of

a grammar description. F or ease of readabilit y , w e will omit clauses in tro duced for (minimal or non-minimal)

non-an teceden t t yp es in our example.
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The signature comes with a t yp e hierarc h y with top elemen t > , feature sym b ols, and ap-

propriateness conditions, and is depicted in the graph in Fig. 2.5. F eature sym b ols are depicted

in small caps fon t, t yp e sym b ols in lower c ase italics , and appropriateness conditions are

expressed in a matrix notation, reading, e.g., appr op ( phr ase; DTR1 ) = sig n .

2

6

6

6

6

6

6

4

phr ase

DTR1 sig n

DTR2 sig n

CA T cat

A GR ag r

3

7

7

7

7

7

7

5

2

6

6

6

6

4

w or d

PHON basexpr

CA T cat

A GR ag r

3

7

7

7

7

5

sig n

s np n v

cat

C l inton tal k s

basexpr

sg pl

ag r

>

Figure 2.5: Signature for feature-based grammar

The relev an t F D -descriptions are giv en in Fig. 2.6. The �rst implication enco des the rules

S ! N V and N P ! N N . Con text-sensitivit y is in tro duced b y the agreemen t requiremen t

on the �rst rule. The second implication enco des the rules N ! C l inton , V ! tal k s , and

N ! tal k s .

phr ase ! ( CA T : s ^ DTR1:CA T : n ^ DTR2:CA T : v ^ DTR1:A GR : Y )

^ DTR2:A GR : Y )

_ ( CA T : np ^ DTR1:CA T : n ^ DTR2:CA T : n )

w or d ! ( CA T : n ^ PHON : C l inton ^ A GR : sg )

_ ( CA T : v ^ PHON : tal k s ^ A GR : sg )

_ ( CA T : n ^ PHON : tal k s ^ A GR : pl )

Figure 2.6: F eature-based grammar

The CLG obtained from a simpli�ed compilation of the grammar in Fig. 2.6 to a de�nite

clause sp eci�cation in F L is giv en in Fig. 2.7. The em b edded F L -constrain ts are depicted

graphically in the same w a y as F D -descriptions. R ( F L ) -atoms are depicted in typewriter

fon t.

Giv en this program and a goal

X = ( sig n ^ DTR1: PHON : C l inton ^ DTR2: PHON : tal k s ) & sign ( X )

enco ding the phrase Clinton talks , w e can infer t w o answ ers
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1 phrase ( X )  X = ( phr ase ^ CA T : s ^ DTR1:CA T : n ^ DTR2:CA T : v ^ DTR1:A GR :

Y ^ DTR2:A GR : Y ^ DTR1 : Z

1

^ DTR2 : Z

2

) & sign ( Z

1

) & sign ( Z

2

) .

2 phrase ( X )  X = ( phr ase ^ CA T : np ^ DTR1:CA T : n ^ DTR2:CA T : n ^ DTR1 :

Z

1

^ DTR2 : Z

2

) & sign ( Z

1

) & sign ( Z

2

) .

3 word ( X )  X = ( w or d ^ CA T : n ^ PHON : C l inton ^ A GR : sg ) .

4 word ( X )  X = ( w or d ^ CA T : v ^ PHON : tal k s ^ A GR : sg ) .

5 word ( X )  X = ( w or d ^ CA T : n ^ PHON : tal k s ^ A GR : pl ) .

6 sign ( X )  phrase ( X ) .

7 sign ( X )  word ( X ) .

Figure 2.7: F eature-based constrain t logic grammar

X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR1: A GR : sg

^ DTR2 : w or d ^ DTR2: CA T : v ^ DTR2: PHON : tal k s

^ DTR1: A GR : Y ^ DTR1: A GR : sg )

and

X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : sg ^ DTR2 : w or d

^ DTR2: CA T : n ^ DTR2: PHON : tal k s ^ DTR2: A GR : pl )

enco ding the parses [ C l inton

N

tal k s

V

]

S

and [ C l inton

N

tal k s

N

]

N P

resp ectiv ely . The parses

are depicted in Figs. 2.8 and 2.9. Note that goal reduction and constrain t solving are applied

in one step. F urthermore, only success branc hes are depicted and the the constrain t solv er is

view ed as a blac k b o x.

2.4 Summary

In this c hapter w e discussed the basic formal concepts of the CLP sc heme of Höhfeld and

Smolk a (1988). These concepts pro vide a formal sp eci�cation of the notions of constrain t

language and of a constrain t logic program em b edding a constrain t language. F or con v enience,

w e ga v e some missing pro ofs and in tro duced the notions of logical consequence, deriv ation tree

and pro of tree in to the CLP sc heme. These concepts will b e useful in latter c hapters.



2.4 Summary 27

4 ; X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR1: A GR : sg ^ DTR2 : w or d

^ DTR2: CA T : v ^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR2: A GR : sg )

r ; c

7 ; X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR1: A GR : sg ^ DTR2 : w or d

^ DTR2: CA T : v ^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR2: A GR : sg

^ DTR2 : Z

2

) & word ( Z

2

)

r ; c

3 ; X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR1: A GR : sg ^ DTR2 : w or d

^ DTR2: CA T : v ^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR2: A GR : sg

^ DTR2 : Z

2

) & sign ( Z

2

)

r ; c

7 ; X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR2 : w or d ^ DTR2: CA T : v

^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR1 : Z

1

^ DTR2 : Z

2

)

& word ( Z

1

) & sign ( Z

2

)

r ; c

1 ; X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR2 : w or d ^ DTR2: CA T : v

^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR1 : Z

1

^ DTR2 : Z

2

)

& sign ( Z

1

) & sign ( Z

2

)

r ; c

6 ; X = ( sig n ^ DTR1: PHON : C l inton ^ DTR2: PHON : tal k s )

& phrase ( X )

r ; c

X = ( sig n ^ DTR1: PHON : C l inton ^ DTR2: PHON : tal k s )

& sign ( X )

Figure 2.8: A deriv ation of [ C l inton

N

tal k s

V

]

S
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5 ; X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : sg ^ DTR2 : w or d

^ DTR2: CA T : n ^ DTR2: PHON : tal k s ^ DTR2: A GR : pl )

r ; c

7 ; X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : sg ^ DTR2 : w or d

^ DTR2: CA T : n ^ DTR2: PHON : tal k s ^ DTR2 : Z

2

)

& word ( Z

2

)

r ; c

3 ; X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : sg ^ DTR2 : w or d

^ DTR2: CA T : n ^ DTR2: PHON : tal k s ^ DTR2 : Z

2

)

& sign ( Z

2

)

r ; c

7 ; X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR2 : w or d ^ DTR2: CA T : n

^ DTR2: PHON : tal k s ^ DTR1 : Z

1

^ DTR2 : Z

2

)

& word ( Z

1

) & sign ( Z

2

)

r ; c

2 ; X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR2 : w or d ^ DTR2: CA T : n

^ DTR2: PHON : tal k s ^ DTR1 : Z

1

^ DTR2 : Z

2

)

& sign ( Z

1

) & sign ( Z

2

)

r ; c

6 ; X = ( sig n ^ DTR1:PHON : C l inton ^ DTR2: PHON : tal k s )

& phrase ( X )

r ; c

X = ( sig n ^ DTR1: PHON : C l inton ^ DTR2: PHON : tal k s )

& sign ( X )

Figure 2.9: A deriv ation of [ C l inton

N

tal k s

N

]

N P
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F urthermore, w e rep orted the cen tral formal details of feature-based CLGs and presen ted

a simple linguistic grammar whic h will b e used as a running example in the follo wing c hapters.

Pro of trees or parses in constrain t-based NLP can b e quite complex ev en if simple gram-

mars are used to analyze t w o-w ord phrases as in the example giv en ab o v e. Clearly , for complex

grammars and phrases of reasonable length, structural am biguit y in constrain t-based NLP is

a sev ere problem. The task of the next t w o c hapters is to pro vide a rigorous mathematical

foundation of am biguit y resolution in constrain t-based NLP .
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Chapter 3

Quan titativ e CLP: Quan titativ e

Inference with Sub jectiv e W eigh ts and

its F ormal Seman tics

In this c hapter w e presen t a no v el framew ork for quan titativ e inference with sub jectiv e w eigh ts

for CLP . W e sho w soundness and completeness of the quan titativ e system with resp ect to a

simple and in tuitiv e formal seman tics. W e illustrate these concepts with a simple quan titativ e

CLG and sho w ho w pruning tec hniques can b e used to guide the searc h for the highest w eigh ted

analysis in suc h quan titativ e systems.

This c hapter is based up on w ork previously published in Riezler (1996).

3.1 In tro duction and Ov erview

Quan titativ e framew orks ha v e b een presen ted as extensions of b oth logic programming and

constrain t-based grammars. F or the area of logic programmming, a system of quan titativ e

deduction whic h is sound and complete with resp ect to a related �xp oin t seman tics w as in tro-

duced �rstly b y v an Emden (1986). Lik e this seminal approac h, most of the subsequen t w ork

on quan titativ e extensions of logic programming has concen trated on theoretical issues suc h

as questions of the expressivit y of systems for quan titativ e logic programming, or issues of

the correctness of the connection of mo del-theory , �xp oin t-theory , and pro of-theory for suc h

systems. Ho w ev er, none on these approac hes seemed to ha v e a sp eci�c application in mind.

On the con trary , quan titativ e extensions of constrain t-based grammars ha v e mainly b een

motiv ated b y practical considerations. Most approac hes in this area come as n umerical ex-

tensions of the parsing strategy of existing constrain t-based framew orks. Ho w ev er, ev en if for

suc h systems the formal foundation of the underlying framew ork ma y b e clear enough, none

31
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of these approac hes comes with a w ell-de�ned seman tics for its quan titativ e extension. That

is, suc h quan titativ e extensions ha v e to b e seen as extralogical extensions of, e.g., the deduc-

tion sc heme of the underlying CLP framew ork, and are not related to the mo del-theoretic

coun terpart of this op erational seman tics.

This is clearly an undesirable state of a�airs. Rather, in the same w a y as CLGs pro vide

a mo del-theoretic c haracterization of linguistic ob jects coupled with an op erational parsing

system, one w ould lik e to relate a quan titativ e deduction system to a quan titativ e mo del-

theory in a sound and complete w a y . The aim of this c hapter is to presen t a sound and

complete system of quan titativ e CLP whic h satis�es the follo wing conditions. It should

� generally b e applicable to CLP o v er arbitrary constrain t languages,

� pro vide a precise, but y et simple formal seman tics for quan titativ e CLP deduction,

� from the outset b e designed with a sp eci�c application in mind, in our case, with resp ect

to e�cien t am biguit y resolution in CLGs.

The �rst p oin t means that in quan titativ e CLP one should not ha v e to b other ab out the

p eculiarities of the constrain t languages em b edded in to the CLP sc heme. Rather, the quan ti-

tativ e extension should w ork in the same w a y for ev ery constrain t logic program irresp ectiv e

of the em b edded constrain t language. F or the NLP application, this means that for arbi-

trary constrain t-based grammars a quan titativ e extension should b e obtainable from the CLG

resulting from an em b edding of the grammar constrain t language in to a CLP sc heme.

The second p oin t addresses the tradeo� b et w een the expressiv e p o w er of the quan titativ e

system and the in tuitivit y and simplicit y of its seman tics. That is, since the aim of a formal

seman tics is to pro vide a precise unam biguous w a y to sp ecify the meaning of all asp ects of an

op erational system at the design and implemen tation stage, it is justi�ed only b y its under-

standabilit y and applicabilit y . Our approac h resp ects these ideas of simplicit y and elegance b y

using the simple concepts of fuzzy set algebra as a basis for a formal seman tics for quan titativ e

CLP .

The third p oin t, whic h refers to the in tended application of am biguit y resolution and b est-

parse searc h in CLGs, is realized in quan titativ e CLP b y stating the pro of theory of quan ti-

tativ e CLP in terms of min/max trees, whic h in turn enables strategies suc h as alpha/b eta-

pruning to b e used for e�cien t searc hing for b est parses in CLGs.

Clearly , generalizations of this sp eci�c c hoice of design for quan titativ e CLP should b e

straigh tforw ard. Ho w ev er, they will not made explicit in the follo wing c hapters.

This c hapter is organized as follo ws. Sect. 3.2 discusses previous w ork on quan titativ e logic

programming and quan titativ e extensions of constrain t-based grammars.
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Sect. 3.3 in tro duces the concept of a quan titativ e de�nite clause sp eci�cation, i.e., a quan-

titativ e constrain t logic program.

Sect. 3.4 in tro duces the declarativ e seman tics of quan titativ e de�nite clause sp eci�cations,

i.e., a mo del-theoretic seman tics based on concepts of fuzzy set algebra and a �xp oin t seman tics

obtained b y a minimal mo dels in this mo del-theory .

Sect. 3.5 presen ts the op erational seman tics of quan titativ e CLP . That is, based on the con-

cepts of quan titativ e deriv ation trees and quan titativ e pro of trees, soundness and completeness

of quan titativ e deduction in CLP is pro v en.

Sect. 3.6 exempli�es these concepts with a quan titativ e feature-based CLG, and sho ws ho w

the searc h tec hnique of alpha/b eta-pruning can b e applied to quan titativ e CLGs.

3.2 Previous W ork

F or the area of logic programming, v an Emden (1986) presen ted in a seminal pap er a quan-

titativ e deduction sc heme and a �xp oin t seman tics for sets of n umerically annotated Horn

clauses. The aim of this pap er w as to enable the expression of a con tin uum of uncertain-

ties b et w een the usual t w o truth v alues in quan titativ e logic programs. The seman tics of

suc h quan titativ e logic programs is based up on concepts of fuzzy set algebra, and crucially

deals with the truth-functional propagation of w eigh ts across con v en tional de�nite clauses.

V an Emden's approac h initialized researc h in to a no w extensiv ely studied area of quan tita-

tiv e logic programming. F or example, annotated logic programming (Subrahmanian (1987),

Kifer and Subrahmanian (1992)) extends the expressiv e p o w er of quan titativ e rule sets b y

allo wing v ariables and ev aluable function terms as annotations. F urthermore, in annotated

logic programs, annotations can b e attac hed to atoms and their conjunctions or disjunctions,

and suc h programs are in terpreted in p o w erful framew orks of lattice-theoretic seman tics. De-

p ending on di�eren t understandings of annotations, further extensions of v an Emden (1986)'s

and Subrahmanian (1987)'s approac hes ha v e b een presen ted. Among those are approac hes to

p ossibilistic logic programming based on sub jectiv e necessit y v alues (Dub ois, Lang, and Prade

1991), probabilistic logic programming based on in terv als of sub jectiv e probabilistic truth v al-

ues (see, e.g., Ng and Subrahmanian (1992), Ng and Subrahmanian (1993)), or probabilistic

deductiv e databases based on sub jectiv e con�dence lev els coming as in terv als of b elief and

doubt (see, e.g., Lakshmanan and Sadri (1994), Lakshmanan and Sadri (1997)).

Quan titativ e extensions of constrain t-based grammars ha v e mainly b een motiv ated b y

practical considerations. F or example, Douglas and Dale (1992) presen ted an approac h to

robust parsing in P A TR systems where according to a sub jectiv e v alue of necessit y/optionalit y

of constrain ts, constrain t violations are allo w ed, and so robustness is in tro duced in to the

formalism. Kim (1994) presen ted an approac h to b est-�rst c hart parsing with P A TR grammars.
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In this approac h, atomic v alues of feature structures are annotated with sub jectiv e w eigh ts, and

a w eigh t com bination sc heme is de�ned for feature structure uni�cation. The searc h space in

b est-�rst parsing then is restricted b y a treshold b elo w whic h completed and predicted feature

structures are discarded. Erbac h (1993a), Erbac h (1993b), or Erbac h (1998) in tro duced a

mo del of preference for the CUF system, whic h is generalizable to the CLP sc heme of Höhfeld

and Smolk a (1988), and whic h is used, among others, for tasks suc h as b est-�rst parsing for

am biguit y resolution and self-monitored generation. In Erbac h's mo del, de�nite clauses as a

whole are annotated with sub jectiv e preference v alues. Suc h preference v alues are com bined in

the resolution pro cess b y calculating the preference v alue of a clause consequen t as the pro duct

of the preference v alue of the clause and the preference v alues of the an teceden t predicates,

whic h are additionally w eigh ted to add up to 1 .

The aim of our approac h is to com bine the mathematical exactness of the logic-

programming approac hes with the practical applicabilit y of the quan titativ e-grammar ap-

proac hes. W e will build our framew ork of quan titativ e CLP on ideas dev elop ed in the simple

and elegan t framew ork of v an Emden (1986). This means that w e restrict our atten tion to

n umerical w eigh ts attac hed to CLP clauses as a whole, and use the simple concepts of fuzzy

set algebra to pro vide the basis for an in tuitiv e formal seman tics for quan titativ e CLP . F ur-

thermore, w e emplo y a min/max sc heme for rule application whic h enables strategies suc h as

alpha/b eta pruning to b e used for e�cien t searc hing. Clearly , our approac h impro v es up on v an

Emden's approac h b y not b eing restricted to Horn clauses or to �nite deriv ations. Moreo v er,

it enables the application of quan titativ e searc h strategies to constrain t-based grammars in a

formally w ell-de�ned w a y .

3.3 Syn tax of Quan titativ e CLP

Building up on the CLP sc heme of Höhfeld and Smolk a (1988) rep orted in Chap. 2, w e can

de�ne the syn tax of a quan titativ e de�nite clause sp eci�cation P

F

v ery quic kly . The follo wing

de�nitions are made with resp ect to implicit constrain t languages L and R ( L ) . A de�nite

clause sp eci�cation P in R ( L ) then can b e extended to a quan titativ e de�nite clause sp eci�-

cation P

F

in R ( L ) simply b y adding n umerical factors to program clauses.

De�nition 3.1 ( P

F

). A quantitative de�nite clause sp e ci�c ation P

F

in R ( L ) is a �nite set

of quantitative formulae, c al le d quantitative de�nite clauses, of the form

� & B

1

& : : : & B

n
f

! A;

wher e A , B

1

; : : : ; B

n

ar e R ( L ) -atoms, � is an L -c onstr aint, n � 0 , f 2 (0 ; 1] . W e may write

a quantitative formula also as A  

f

� & B

1

& : : : & B

n

.

These factors (the f in De�nition 3.1) should b e though t of as abstract w eigh ts whic h

receiv e a concrete in terpretation in sp eci�c instan tiations of P

F

.
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In the follo wing the notation R ( L ) will b e used more generally to notate relationally ex-

tended constrain t languages whic h p ossibly include quan titativ e form ulae of the ab o v e form.

3.4 Declarativ e Seman tics of Quan titativ e CLP

3.4.1 F uzzy Set Algebra and Mo del-Theoretic Seman tics

T o obtain a formal seman tics for P

F

, �rst w e ha v e to in tro duce an appropriate quan titativ e

measure in to the set-theoretic sp eci�cation of R ( L ) -in terpretations. One p ossibilit y to obtain

quan titativ e R ( L ) -in terpretations is to base the set algebra of R ( L ) -in terpretations on the

simple and w ell-de�ned concepts of fuzzy set algebra (see Zadeh (1965)).

Relying on Höhfeld and Smolk a's sp eci�cation of base equiv alen t R ( L ) -in terpretations,

i.e., R ( L ) -in terpretations extending the same L -in terpretation, in terms of the denotations of

the relation sym b ols in these in terpretations, w e can �fuzzify� suc h in terpretations b y regarding

the denotations of their relation sym b ols as fuzzy subsets of the set of tuples in the common

domain.

Giv en constrain t languages L and R ( L ) , w e in terpret eac h n-ary relation sym b ol r 2 R

as a fuzzy subset of D

n

, for eac h R ( L ) -in terpretation A with domain D . That is, w e iden tify

the denotation of r under A with a total function

� ( _ ; r

A

) : D

n

! [0 ; 1] ;

whic h can b e though t of as an abstract mem b ership function. Suc h mem b ership functions are

generalized c haracteristic functions, and classical set mem b ership is co ded in this con text b y

c haracteristic functions taking only 0 and 1 as v alues.

Next, w e ha v e to giv e a mo del-theoretic c haracterization of quan titativ e de�nite clauses.

Clearly , an y monotonous mapping could b e used for the mo del-theoretic sp eci�cation of the

in teraction of w eigh ts in quan titativ e de�nite clauses and accordingly for the calculation of

w eigh ts in the pro of-theory of quan titativ e CLP . F or concreteness, w e will instan tiate suc h

a mapping to the sp eci�c case of De�nition 3.2 resem bling v an Emden (1986)'s mo de of

rule application. This will allo w us to state the pro of-theory of quan titativ e CLP in terms

of min/max trees whic h in turn enables strategies suc h as alpha/b eta pruning to b e used for

e�cien t searc hing. Suc h a quan titativ e CLP sc heme impro v es up on sev eral shortcomings of v an

Emden (1986)'s system, e.g. our quan titativ e CLP sc heme clearly is not restricted to ground

instances of Horn theories, and the soundness and completeness results w e will presen t are

not restricted to �nite deriv ations. Ho w ev er, the c hoice of the mo de of rule application made

is not crucial for the substan tial claims of this pap er, and generalizations of this particular

com bination mo de to sp eci�c applications should b e straigh tforw ard, but are b ey ond the scop e

of this thesis.
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The follo wing de�nition of mo del corresp onds to the de�nition of mo del in classical logic

when considering only clauses with f = 1 and mappings D

n

! f 0 ; 1 g .

De�nition 3.2 (Mo del). A n R ( L ) -interpr etation A extending some L -interpr etation I is a

mo del of a quantitative de�nite clause sp e ci�c ation P

F

i� for e ach � 2 ASS , for e ach quanti-

tative formula r ( ~ x )  

f

� & q

1

( ~ x

1

) & : : : & q

k

( ~ x

k

) in P

F

holds:

If � 2 [ [ � ] ]

I

, then � ( � ( ~ x ); r

A

) � f � min f � ( � ( ~ x

j

); q

A

j

) j 1 � j � k g .

In terms of mem b ership degrees, this de�nition of mo del can b e paraphrased as follo ws: If

the an teceden t constrain t is satis�able, then the mem b ership degrees of the denotations of the

consequen t atom m ust not b e less than f times the mem b ership degrees of the denotations of

the an teceden t atom. A truth-functional view could b e obtained b y considering mem b ership

degrees as truth degrees of atoms under v ariable assignmen ts. F rom the viewp oin t of suc h

a truth-functional propagation of w eigh ts across de�nite clauses, a clause con tributes to the

consequen t a truth v alue whic h is f times the truth v alue of the an teceden t.

Note that the notation of an R ( L ) -in terpretation A will b e used more generally to include

in terpretations of quan titativ e form ulae. R ( L ) -solutions of a quan titativ e form ula are de�ned

as [ [ r ( ~ x )  

f

� & q

1

( ~ x

1

) & : : : & q

k

( ~ x

k

)] ]

A

= f � 2 ASS j If � 2 [ [ � ] ]

I

, then � ( � ( ~ x ); r

A

) �

f � min f � ( � ( ~ x

j

); q

A

j

) j 1 � j � k gg .

Based on the ab o v e de�nition of mo del, the concept of logical consequence can b e de�ned

as usual.

De�nition 3.3 (Logical consequence). A quantitative formula r ( ~ x )  

f

� is a lo gic al c on-

se quenc e of a quantitative de�nite clause sp e ci�c ation P

F

i� for e ach R ( L ) -interpr etation A ,

A is a mo del of P

F

implies that A is a mo del of f r ( ~ x )  

f

� g .

F urthermore, w e ha v e that the fact that r ( ~ x )  

f

� is a logical consequence of P

F

implies

that r ( ~ x )  

f

0

� is a logical consequence of P

F

for ev ery f

0

� f .

A goal G is de�ned similar to the non-quan titativ e case as a (p ossibly empt y) conjunction

of R ( L ) -atoms and L -constrain ts. W e can, without loss of generalit y , restrict goals to b e

of the form r ( ~ x ) & � , i.e., a (p ossibly empt y) conjunction of a single relational atom r ( ~ x )

and an L -constrain t � . This can b e done since for eac h goal G = r

1

( ~ x

1

) & : : : & r

k

( ~ x

k

) &

� whic h con tains more than one relational atom, w e can complete the program with a new

clause C = r ( ~ x

1

; : : : ; ~ x

k

)  

1

r

1

( ~ x

1

) & : : : & r

k

( ~ x

k

) & � , with G as an teceden t and a new

predicate, whic h tak es all v ariables in G as argumen ts, as consequen t. Submitting the new

predicate r ( ~ x

1

; : : : ; ~ x

k

) as query yields the same results as w ould b e obtained when querying

with the comp ound goal G .

Giv en some program P

F

and some goal G , a quan titativ e P

F

-answ er ' of G is de�ned

as a satis�able L -constrain t ' s.t. '

f

! G is a logical consequence of P

F

. A quan titativ e



3.4 Declarativ e Seman tics of Quan titativ e CLP 37

form ula '

f

! r ( ~ x ) & � is de�ned to b e a logical consequence of P

F

i� ev ery mo del of P

F

is

a mo del of f '

f

! r ( ~ x ) & � g . An R ( L ) -in terpretation A is a mo del of f '

f

! r ( ~ x ) & � g i�

[ [ ' ] ]

A

� [ [ � ] ]

A

and A is a mo del of f r ( ~ x )  

f

' g .

Next w e ha v e to asso ciate a complete lattice of in terpretations with quan titativ e de�nite

clause sp eci�cations.

A dopting Zadeh's de�nitions for set op erations, w e can de�ne a partial ordering on the

set of base equiv alen t R ( L ) -in terpretations. This is done b y de�ning set op erations on these

in terpretations with reference to set op erations on the denotations of relation sym b ols in these

in terpretations. W e get for all base equiv alen t R ( L ) -in terpretations A ; A

0

:

� A � A

0

i� for eac h n-ary relation sym b ol r 2 R , for eac h � 2 ASS , for eac h ~ x 2 V AR

n

:

� ( � ( ~ x ); r

A

) � � ( � ( ~ x ); r

A

0

) ,

� A =

S

X i� for eac h n-ary relation sym b ol r 2 R , for eac h � 2 ASS , for eac h ~ x 2 V AR

n

:

� ( � ( ~ x ); r

A

) = sup f � ( � ( ~ x ); r

A

0

) j A

0

2 X g ,

� A =

T

X i� for eac h n-ary relation sym b ol r 2 R , for eac h � 2 ASS , for eac h ~ x 2 V AR

n

:

� ( � ( ~ x ); r

A

) = inf f � ( � ( ~ x ); r

A

0

) j A

0

2 X g .

Note that w e de�ne furthermore sup ; = 0 , inf ; = 1 . Clearly , the set of all base equiv alen t

R ( L ) -in terpretations is a complete lattice under the partial ordering of set inclusion. The

suprem um is giv en b y the union, and the in�m um b y the in tersection, for an y set of base-

equiv alen t R ( L ) -in terpretations. The top elemen t is the R ( L ) -in terpretation A

>

suc h that

for eac h r 2 R , for eac h ~ u 2 D

Ar ( r )

: � ( ~ u ; r

A

>

) = 1 , and the b ottom elemen t is the R ( L ) -

in terpretation A

?

suc h that for eac h r 2 R , for eac h ~ u 2 D

Ar ( r )

: � ( ~ u ; r

A

?

) = 0 .

3.4.2 Minimal Mo del Seman tics

Based up on the de�nition of a complete lattice of R ( L ) -in terpretations of a quan titativ e def-

inite clause sp eci�cation P

F

, w e can state the follo wing equations, whic h link the declarativ e

and op erational seman tics of P

F

. These equations de�ne the notion of a P

F

-c hain, whic h will

b e crucial for the construction of minimal mo dels for P

F

. Similar to the non-quan titativ e case,

these equations are based on the resp ectiv e de�nition of mo del, and tak e for the quan titativ e

case the follo wing form.

De�nition 3.4. L et P

F

b e a quantitative de�nite clause sp e ci�c ation in R ( L ) , I b e an L -

interpr etation. Then the c ountably in�nite se quenc e h A

0

; A

1

; A

2

; : : : i of R ( L ) -interpr etations

extending I is a P

F

-chain i� for e ach n-ary r elation symb ol r 2 R , for e ach � 2 ASS , for

e ach ~ x 2 V AR

n

:

� ( � ( ~ x ); r

A

0

) := 0 ,
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� ( � ( ~ x ); r

A

i +1

) := max f f � min f � ( � ( ~ x

j

); q

A

i

j

) j 1 � j � n g j ther e is a variant r ( ~ x )  

f

� &

q

1

( ~ x

1

) & : : : & q

n

( ~ x

n

) of a clause in P

F

and � 2 [ [ � ] ]

A

i

g .

Before turning to the construction of minimal mo dels, w e ha v e to pro v e the follo wing

useful lemma (see v an Emden (1986), Lemmata 2.10', 2.11'). Lemma 3.1 assures that for eac h

tuple of ob jects in the denotation of a relation sym b ol under a minimal mo del, there is a

corresp onding �nite step in the P

F

-c hain whic h in tro duces these ob jects in to the minimal

mo del denotation.

Lemma 3.1. F or e ach P

F

, for e ach P

F

-chain h A

0

; A

1

; A

2

; : : : i , for e ach k-ary r elation

symb ol r 2 R , for e ach � 2 ASS , for e ach ~ x 2 V AR

k

, ther e exists some n 2 I N s.t.

� ( � ( ~ x ); r

S

i � 0

A

i

) = � ( � ( ~ x ); r

A

n

) .

Pr o of. W e ha v e to sho w that the suprem um v = sup f � ( � ( ~ x ); r

A

i

) j i � 0 g can b e attained for

some n 2 I N .

v = 0 : F or v = 0 , w e ha v e n = 0 .

v > 0 : F or v > 0 , w e ha v e to sho w that for an y real � , 0 < � < v , the set f � ( � ( ~ x ); r

A

i

) j i �

0 and � ( � ( ~ x ); r

A

i

) � � g is �nite.

Let F b e the �nite set of real n um b ers of factors of clauses in P

F

, m b e the greatest

elemen t in F s.t. m < 1 and let q b e the smallest in teger s.t. m

q

< � .

Then, since eac h real n um b er � ( � ( ~ x ); r

A

i

) is a pro duct of a sequence of elemen ts of F ,

the n um b er of di�eren t pro ducts � � is not greater than j F j

q

, the p erm utation of j F j

di�eren t things tak en q at a time with rep etitions, and th us �nite.

Hence, the suprem um is the maxim um attained for some n 2 I N .

No w w e can obtain minimal mo del prop erties for quan titativ e de�nite clause sp eci�cations

similar to those for the non-quan titativ e programs of Höhfeld and Smolk a (1988). Based on the

constructiv e de�nition of a P

F

-c hain of R ( L ) -in terpretations extending an L -in terpretation

I , an R ( L ) -in terpretation A is obtainable as the R ( L ) -in terpretation whic h is b oth a mo del of

P

F

and minimal with resp ect to the lattice of base equiv alen t R ( L ) -in terpretations extending

I . Theorem 3.2 states that w e can construct a minimal mo del A of P

F

for eac h quan titativ e

de�nite clause sp eci�cation P

F

in the extension of an arbitrary constrain t language L and for

eac h L -in terpretation. This means that�due to the de�niteness of P

F

�w e can restrict our

atten tion to a minimal mo del seman tics of P

F

.

Theorem 3.2 (De�niteness). F or e ach L -interpr etation I , for e ach quantitative de�nite

clause sp e ci�c ation P

F

in R ( L ) , for e ach P

F

-chain hA

0

; A

1

; A

2

; : : : i of R ( L ) -interpr etations

extending some L -interpr etation I :
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(i) A

0

� A

1

� : : : ,

(ii) the union A :=

S

i � 0

A

i

is a mo del of P

F

extending I ,

(iii) A is the minimal mo del of P

F

extending I .

Pr o of. (i) W e ha v e to sho w that A

i

� A

i +1

. W e pro v e b y induction on i sho wing for eac h

constrain t language L , for eac h quan titativ e de�nite clause sp eci�cation P

F

in R ( L ) , for eac h

L -in terpretation I , for eac h P

F

-c hain hA

0

; A

1

; A

2

; : : : i of R ( L ) -in terpretations extending

some L -in terpretation I , for eac h n-ary relation sym b ol r 2 R , for eac h � 2 ASS , for eac h

~ x 2 V AR

n

, for eac h i 2 I N : � ( � ( ~ x ); r

A

i

) � � ( � ( ~ x ); r

A

i +1

) .

Base: � ( � ( ~ x ); r

A

0

) = 0 � � ( � ( ~ x ); r

A

1

) .

Hyp othesis: Supp ose � ( � ( ~ x ); r

A

n � 1

) � � ( � ( ~ x ); r

A

n

) .

Step: � ( � ( ~ x ); r

A

n

) = v > 0

= ) there exists a v arian t r ( ~ x )  

f

� & q

1

( ~ x

1

) & : : : & q

k

( ~ x

k

) of a clause in P

F

s.t. v =

f � min f � ( � ( ~ x

1

); q

1

A

n � 1

) ; : : : ; � ( � ( ~ x

k

); q

k

A

n � 1

) g and � 2 [ [ � ] ]

A

n � 1

, b y De�nition

3.4

= ) � ( � ( ~ x

1

); q

1

A

n

) � � ( � ( ~ x

1

); q

1

A

n � 1

) ; : : : ; � ( � ( ~ x

k

); q

k

A

n

) � � ( � ( ~ x

k

); q

k

A

n � 1

) and � 2

[ [ � ] ]

A

n

, b y the h yp othesis

= ) � ( � ( ~ x ); r

A

n +1

) � v , b y de�nition of � ( � ( ~ x ); r

A

i +1

)

= ) � ( � ( ~ x ); r

A

n

) � � ( � ( ~ x ); r

A

n +1

) .

F or v = 0 it follo ws immediately that � ( � ( ~ x ); r

A

n

) � � ( � ( ~ x ); r

A

n +1

) .

Claim (i) follo ws b y arithmetic induction.

(ii) W e ha v e to sho w that A :=

S

i � 0

A

i

is a mo del of P

F

extending I . W e pro v e that for

eac h clause r ( ~ x )  

f

� & q

1

( ~ x

1

) & : : : & q

k

( ~ x

k

) in P

F

, for eac h � 2 ASS : If � 2 [ [ � ] ]

A

, then

� ( � ( ~ x ); r

A

) � f � min f � ( � ( ~ x

j

); q

j

A

) j 1 � j � k g .

Note that since ev ery A

i

is an R ( L ) -in terpretation extending I , A is an R ( L ) -in terpretation

extending I .

No w let r ( ~ x )  

f

� & q

1

( ~ x

1

) & : : : & q

k

( ~ x

k

) b e a clause in P

F

s.t. for some � 2 ASS :

� 2 [ [ � ] ]

A

and � ( � ( ~ x

i

); q

i

A

) = min f � ( � ( ~ x

j

); q

j

A

) j 1 � j � k g = v .

Then there exists some n 2 I N s.t. v = � ( � ( ~ x

i

); q

i

A

n

) = min f � ( � ( ~ x

j

); q

j

A

n

) j 1 � j � k g , b y

Lemma 3.1 and since for all j s.t. 1 � j � k : � ( � ( ~ x

j

); q

j

A

) = sup f � ( � ( ~ x

j

); q

j

A

i

) j i � 0 g
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= ) � ( � ( ~ x ); r

A

n +1

) � f � v , b y De�nition 3.4

= ) � ( � ( ~ x ); r

A

) � � ( � ( ~ x ); r

A

n +1

) , since � ( � ( ~ x ); r

A

) = sup f � ( � ( ~ x ); r

A

i

) j i � 0 g

= ) � ( � ( ~ x ); r

A

) � f � min f � ( � ( ~ x

j

); q

j

A

) j 1 � j � k g .

This completes the pro of for claim (ii).

(iii) W e ha v e to sho w that A is the minimal mo del of P

F

extending I . W e pro v e for ev ery base

equiv alen t mo del B of P

F

: A

i

� B , whic h giv es A � B , b y induction on i sho wing for eac h

constrain t language L , for eac h quan titativ e de�nite clause sp eci�cation P

F

in R ( L ) , for eac h

L -in terpretation I , for eac h P

F

-c hain hA

0

; A

1

; A

2

; : : : i of R ( L ) -in terpretations extending

some L -in terpretation I , for eac h n-ary relation sym b ol r 2 R , for eac h � 2 ASS , for eac h

~ x 2 V AR

n

, for eac h i 2 I N : � ( � ( ~ x ); r

A

i

) � � ( � ( ~ x ); r

B

) .

Base: � ( � ( ~ x ); r

A

0

) = 0 � � ( � ( ~ x ); r

B

) .

Hyp othesis: Supp ose � ( � ( ~ x ); r

A

n � 1

) � � ( � ( ~ x ); r

B

) .

Step: � ( � ( ~ x ); r

A

n

) = v > 0

= ) there exists a v arian t r ( ~ x )  

f

� & q

1

( ~ x

1

) & : : : & q

k

( ~ x

k

) of a clause in P

F

s.t. v =

f � min f � ( � ( ~ x

1

); q

1

A

n � 1

) ; : : : ; � ( � ( ~ x

k

); q

k

A

n � 1

) g and � 2 [ [ � ] ]

A

n � 1

, b y De�nition

3.4

= ) � ( � ( ~ x

1

); q

1

B

) � � ( � ( ~ x

1

); q

1

A

n � 1

) ; : : : ; � ( � ( ~ x

k

); q

k

B

) � � ( � ( ~ x

k

); q

k

A

n � 1

) and � 2

[ [ � ] ]

B

, b y the h yp othesis

= ) � ( � ( ~ x ); r

B

) � v , since B is a mo del of P

F

= ) � ( � ( ~ x ); r

A

n

) � � ( � ( ~ x ); r

B

) .

F or v = 0 it follo ws immediately that � ( � ( ~ x ); r

A

n

) � � ( � ( ~ x ); r

B

) .

Claim (iii) follo ws b y arithmetic induction.

The follo wing prop osition allo ws us to link the declarativ e description of the desired output

from P

F

and a goal, i.e., a quan titativ e P

F

-answ er, to the minimal mo del seman tics of P

F

.

That is, Prop osition 3.3 sho ws that quan titativ e P

F

-answ ers are completely c haracterized b y

minimal mo dels of P

F

. Similar to the non-quan titativ e case, this is done for the quan titativ e

case b y connecting the concept of logical consequence with the concept of minimal mo del.

Prop osition 3.3. L et P

F

b e a quantitative de�nite clause sp e ci�c ation in R ( L ) , ' b e an L -

c onstr aint and G b e a go al. Then '

v

! G is a lo gic al c onse quenc e of P

F

i� every minimal

mo del A of P

F

is a mo del of f '

v

! G g .
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Pr o of. If: F or eac h minimal mo del A of P

F

: A is a mo del of f '

v

! G g

= ) for ev ery mo del B of P

F

base equiv alen t to some minimal mo del A of P

F

: B is a

mo del of f '

v

! G g , since A � B b y Theorem 3.2, (iii)

= ) '

v

! G is a logical consequence of P

F

.

Only if: '

v

! G is a logical consequence of P

F

= ) ev ery mo del of P

F

is a mo del of f '

v

! G g , b y De�nition 3.3

= ) A is a mo del of f '

v

! G g .

The follo wing example illustrates the basic concepts of the declarativ e seman tics of quan-

titativ e de�nite clause sp eci�cations. The program of Fig. 3.1 is a quan titativ e v ersion of the

program of Fig. 2.1. The factors attac hed to clauses 2 and 3 express a preference of the L -

constrain t X = a o v er the L -constrain t X = b in the de�nition of the predicate p . Predicate

q is de�ned uniquely in clause 1 and gets assigned the factor 1 .

1 q ( X )  

1

p ( X ) :

2 p ( X )  

: 7

X = a:

3 p ( X )  

: 5

X = b:

Figure 3.1: Quan titativ e constrain t logic program

The construction of a minimal mo del for the program of Fig. 3.1 is sho wn in Fig. 3.2. F or

a v ariable assignmen t � 2 [ [ X = a ] ]

I

, the mem b ership v alue of : 7 of the ob ject h � ( X ) i in the

denotation of the predicate p (resp. q ) under the minimal mo del A is obtained in step 1 (resp.

step 2) of the P

F

-c hain construction. F or a v ariable assignmen t � 2 [ [ X = b ] ]

I

, a mem b ership

degree of : 5 is obtained in similar manner.

Clearly , A =

S

i � 0

A

i

is a minimal mo del of the quan titativ e program of Fig. 3.1.

3.5 Op erational Seman tics for Quan titativ e CLP

3.5.1 Min/Max T rees and Quan titativ e Pro of T rees

The pro of pro cedure for quan titativ e CLP can b e stated con v enien tly as a searc h of a tree,

corresp onding to the searc h of an SLD-and/or tree in con v en tional logic programming or to

the searc h of a deriv ation tree as de�ned in Chap. 2 for CLP . The structure of suc h a tree

exactly mirrors the construction of a minimal mo del and th us ma y b e de�ned as a min/max

tree. That is, according to the minimal mo del construction, whic h is based on the op erations

min and max , a min/max tree com bines the standard left-righ t selection and depth-�rst searc h
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� 2 [ [ X = a ] ]

I

:

� ( h � ( X ) i ; p

A

0

) = 0 ,

� ( h � ( X ) i ; p

A

1

) = max f : 7 � min ;g = : 7 ,

� ( h � ( X ) i ; p

A

2

) = max f : 7 � min ;g = : 7 ,

.

.

.

� ( h � ( X ) i ; p

S

i � 0

A

i

) = sup f 0 ; : 7 ; : 7 ; : : : g = : 7 ;

� ( h � ( X ) i ; q

A

0

) = 0 ,

� ( h � ( X ) i ; q

A

1

) = 0 ,

� ( h � ( X ) i ; q

A

2

) = max f 1 � min f : 7 gg = : 7 ,

.

.

.

� ( h � ( X ) i ; q

S

i � 0

A

i

) = sup f 0 ; 0 ; : 7 ; : : : g = : 7 .

� 2 [ [ X = b ] ]

I

:

� ( h � ( X ) i ; p

A

0

) = 0 ,

� ( h � ( X ) i ; p

A

1

) = max f : 5 � min ;g = : 5 ,

� ( h � ( X ) i ; p

A

2

) = max f : 5 � min ;g = : 5 ,

.

.

.

� ( h � ( X ) i ; p

S

i � 0

A

i

) = sup f 0 ; : 5 ; : 5 ; : : : g = : 5 ;

� ( h � ( X ) i ; q

A

0

) = 0 ,

� ( h � ( X ) i ; q

A

1

) = 0 ,

� ( h � ( X ) i ; q

A

2

) = max f 1 � min f : 5 gg = : 5 ,

.

.

.

� ( h � ( X ) i ; q

S

i � 0

A

i

) = sup f 0 ; 0 ; : 5 ; : : : g = : 5 ,

Figure 3.2: P

F

-c hain for quan titativ e constrain t logic program
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with a min/max calculation of no de-v alues. A relation no de of a deriv ation tree corresp onds

in the quan titativ e case to a max-no de, and a constrain t no de to a min-no de. In con trast to

deriv ation trees, in min/max trees the unique successor of a constrain t no de is split up in to

sev eral successor no des, one for eac h relational atom in the goal. This is necessary to calculate

a minim um of no de v alues at a min-no de.

In the follo wing w e will assume implicit constrain t languages L and R ( L ) and a giv en

quan titativ e de�nite clause sp eci�cation P

F

in R ( L ) . F urthermore, V will denote the �nite

set of v ariables in the query and the V -solutions of a constrain t � in an in terpretation I are

de�ned as [ [ � ] ]

I

V

:= f � j

V

j � 2 [ [ � ] ]

I

g and � j

V

is the restriction of � to V .

De�nition 3.5 (Min/max tree). A min/max tr e e determine d by a query G

1

and a quanti-

tative de�nite clause sp e ci�c ation P

F

has to satisfy the fol lowing c onditions:

� Each max-no de is lab ele d by a go al. The value of e ach nonterminal max-no de is the

maximum of the values of its suc c essors.

� Each min-no de is lab ele d by a clause fr om P

F

and a go al. The value of e ach nonterminal

min-no de is f � m , wher e f is the factor of the clause and m is the minimum of the

values of its suc c essors.

� The suc c essors of every max-no de ar e al l min-no des s.t. for every clause C with

r

� ! -

r esolvent G

0

obtaine d by C fr om go al G in a max-no de, ther e is a min-no de suc c essor

lab ele d by C and G

0

.

� The suc c essors of every min-no de ar e al l max-no des s.t. for every R ( L ) -atom r ( ~ x ) in

go al G & � & �

0

in a min-no de with

c

� ! -r esolvent G & �

00

, ther e is a max-no de suc c essor

lab ele d by r ( ~ x ) & �

00

.

� The r o ot no de is a max-no de lab ele d by G

1

.

� A suc c ess no de is a terminal max-no de lab ele d by a satis�able L -c onstr aint. The value

of a suc c ess no de is 1.

� A failur e no de is a terminal max-no de which is not a suc c ess no de. The value of a failur e

no de is 0.

Similar to the non-quan titativ e case, a pro of tree in the quan titativ e case is a subtree of a

deriv ation tree. Ho w ev er, in a quan titativ e pro of tree, eac h min-no de tak es all of the successors

of the min-no de of the min/max tree as its successors. F urthermore, to c hec k the consistency

of the constrain t solving results in the min-no de successors, an additional

c

� ! -step has to b e

applied to the conjunction of all success no des of a quan titativ e pro of tree. This step yields

a satis�able L -constrain t, called answ er constrain t, if the conjunction of the L -constrain ts in

the success no des is satis�able.
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De�nition 3.6 (Quan titativ e pro of tree). A quantitative pr o of tr e e for a go al G

1

fr om

quantitative de�nite clause sp e ci�c ation P

F

is a subtr e e of a min/max sup ertr e e determine d by

G

1

and P

F

and de�ne d as fol lows:

� The r o ot no de of the pr o of tr e e is the r o ot no de of the sup ertr e e.

� A max-no de of the pr o of tr e e is a max-no de of the sup ertr e e and takes one of the suc c essors

of the sup ertr e e max-no de as its suc c essor.

� A min-no de of the pr o of tr e e is a min-no de of the sup ertr e e and takes all of the suc c essors

of the sup ertr e e max-no de as its suc c essors.

� A l l terminal no des in the pr o of tr e e ar e suc c ess no des �; �

0

; : : : s.t. � & �

0

& : : :

c

� ! '

and ' is a satis�able L -c onstr aint, c al le d answer c onstr aint.

� V alues ar e assigne d to pr o of tr e e no des in the same way as to min/max tr e e no des.

3.5.2 Soundness and Completeness

T o pro v e soundness and completeness of the generalized SLD-resolution pro of pro cedure de-

�ned via min/max trees and quan titativ e pro of trees, some further concepts ha v e to b e in tro-

duced.

Note that the de�nitions of renaming, � -v arian t, and v arian t carry o v er to the quan-

titativ e case without c hanges. Clearly , w e ha v e the prop ert y that a constrain t language

R ( L ) con taining quan titativ e de�nite clauses is closed under renaming if the underlying con-

strain t language L is closed under renaming. F urthermore, for eac h suc h generalized constrain t

language R ( L ) whic h is closed under renaming, and for eac h R ( L ) -in terpretation A , w e ha v e

that A is a mo del of an R ( L ) -constrain t i� A is a mo del of eac h of its v arian ts.

Next, w e ha v e to rede�ne a complexit y measure for goal reduction for the quan titativ e

case. This measure is crucial in pro ving termination of goal reduction and w orks b y k eying

steps of the minimal mo del construction to steps of the goal reduction pro cess.

� The complexit y of a v ariable assignmen t � for an atom r ( ~ x ) in the minimal mo del A s.t.

� ( � ( ~ x ); r

A

) > 0 is de�ned as

comp ( �; r ( ~ x ) ; A ) := min f i j � ( � ( ~ x ); r

A

) = � ( � ( ~ x ); r

A

i

) g ;

� The complexit y of � for goal G = r

1

( ~ x

1

) & : : : & r

k

( ~ x

k

) & � in A s.t. � 2 [ [ � ] ]

A

and

� ( � ( ~ x

i

); r

i

A

) > 0 for all i : 1 � i � k is de�ned as

comp ( �; G; A ) := f comp ( �; r

i

( ~ x

i

) ; A ) j 1 � i � k g

where f : : : g is a m ultiset.
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� The V -complexit y of � for goal G = r

1

( ~ x

1

) & : : : & r

k

( ~ x

k

) & � in A s.t. � 2 [ [ � ] ]

A

V

and

� ( � ( ~ x

i

); r

i

A

) > 0 for all i : 1 � i � k is de�ned as

comp

V

( �; G; A ) := min f comp ( � ; G; A ) j � 2 [ [ � ] ]

A

; � ( � ( ~ x

i

); r

i

A

) > 0

for all i : 1 � i � k and � = � j

V

g .

The minim um is tak en with resp ect to a total ordering on m ultisets s.t. M � M

0

i�

8 x 2 M n M

0

; 9 x

0

2 M

0

n M s.t. x < x

0

.

The follo wing pro ofs sho w that the quan titativ e pro of pro cedure is sound and complete

with resp ect to the ab o v e stated seman tic concepts. Again, there is a close similarit y to the

corresp onding statemen ts for the non-quan titativ e case of Höhfeld and Smolk a (1988).

Theorem 3.4 (Soundness). F or e ach quantitative de�nite clause sp e ci�c ation P

F

, for e ach

go al G , for e ach L -c onstr aint ' : If ther e is a quantitative pr o of tr e e for G fr om P

F

with answer

c onstr aint ' and r o ot value v , then '

v

! G is a lo gic al c onse quenc e of P

F

.

Pr o of. The result is pro v en b y induction on the depth d of the quan titativ e pro of tree, where

one unit of depth is from max-no de to max-no de.

Base: W e kno w that quan titativ e pro of trees of depth d = 0 ha v e to tak e the form of a single

max-no de lab eled b y a satis�able L -constrain t  with ro ot v alue 1. Then  

1

!  is a

logical consequence of P

F

.

Hyp othesis: Supp ose the result holds for quan titativ e pro of trees of depth d < n .

Step: Let G

0

= r ( ~ x ) & � b e a goal lab eling a quan titativ e pro of tree of depth d = n with

answ er constrain t  and ro ot v alue h ,

let G

0

0

= q

1

( ~ x

1

) & : : : & q

k

( ~ x

k

) & � & �

0

b e a goal lab eling the min-no de obtained from

G

0

via

r

� ! using the v arian t C

0

= r ( ~ x )  

f

�

0

& q

1

( ~ x

1

) & : : : & q

k

( ~ x

k

) of a clause C in

P

F

,

and let G

1

= q

1

( ~ x

1

) & �

0 0

; : : : ; G

k

= q

k

( ~ x

k

) & �

00

b e goals lab eling max-no des obtained

from G

0

0

via

c

� ! .

Then eac h goal G

1

; : : : ; G

k

lab els a quan titativ e pro of tree of depth d < n with resp ectiv e

answ er constrain t  

1

; : : : ;  

k

and ro ot v alue g

1

; : : : ; g

k

s.t. h = f � min f g

1

; : : : ; g

k

g and

for eac h mo del A of P

F

: [ [  ] ]

A

= [ [  

1

& : : : &  

k

] ]

A

, b y de�nition of min/max tree

= )  

1 g

1

! G

1

; : : : ;  

k
g

k

! G

k

are logical consequences of P

F

, b y the h yp othesis

= ) for eac h mo del A of P

F

, for eac h � 2 ASS : [ [  ] ]

A

� [ [ �

0 0

] ]

A

and if � 2 [ [  ] ]

A

, then

� ( � ( ~ x

1

); q

1

A

) � g

1

; : : : ; � ( � ( ~ x

k

); q

k

A

) � g

k

, b y de�nition of logical consequence
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= ) for eac h mo del A of P

F

, for eac h � 2 ASS : [ [  ] ]

A

� [ [ �

0

] ]

A

and if � 2 [ [  ] ]

A

, then

� ( � ( ~ x ); r

A

) � f � min f � ( � ( ~ x

1

); q

1

A

) ; : : : ; � ( � ( ~ x

k

); q

k

A

) g , since eac h mo del A of

P

F

is a mo del of C

0

i� A is a mo del of C

= ) for eac h mo del A of P

F

, for eac h � 2 ASS : [ [  ] ]

A

� [ [ � ] ]

A

and if � 2 [ [  ] ]

A

, then

� ( � ( ~ x ); r

A

) � h

= )  

h

! r ( ~ x ) & � is a logical consequence of P

F

.

The result follo ws b y arithmetic induction.

Theorem 3.5 (Completeness). L et P

F

b e a quantitative de�nite clause sp e ci�c ation in

R ( L ) , L b e close d under r enaming, A b e a minimal mo del of P

F

, G b e a go al of the form

r ( ~ x ) & � , � 2 [ [ � ] ]

A

V

and � ( � ( ~ x ); r

A

) = v s.t. v > 0 and � = � j

V

. Then ther e exists a quanti-

tative pr o of tr e e for G fr om P

F

with answer c onstr aint ' and r o ot value v and � 2 [ [ ' ] ]

A

V

.

Pr o of. The result is pro v en b y induction on c = comp

V

( �; G; A ) .

Base: W e kno w that goals with complexit y c = ; ha v e to tak e the form of a satis�able L -

constrain t � . Then there exists a quan titativ e pro of tree for � from P

F

consisting of a

single max-no de lab eled with � and ro ot v alue 1.

Hyp othesis: Supp ose the result holds for goals with complexit y c < N .

Step: Let G

0

= q ( ~ x ) &  , �

0

2 [ [  ] ]

A

V

, �

0 0

2 [ [  ] ]

A

, �

0

= �

0 0

j

V

, comp

V

( �

0

; G

0

; A ) =

comp ( �

0 0

; G

0

; A ) = N , comp ( �

00

; q ( ~ x ) ; A ) := i , � ( �

0 0

( ~ x ); q

A

) = h and h > 0 .

First w e observ e, that � ( �

0 0

( ~ x ); q

A

i

) = h , since comp ( �

0 0

; q ( ~ x ) ; A ) := i

= ) there exists a v arian t q ( ~ x )  

f

 

0

& q

1

( ~ x

1

) & : : : & q

k

( ~ x

k

) s.t. h =

f � min f � ( � ( ~ x

1

); q

1

A

i � 1

) ; : : : ; � ( � ( ~ x

k

); q

k

A

i � 1

) g and �

0 0

2 [ [  

0

] ]

A

i � 1

and

( V [ V (  )) \ V (  

0

& q

1

( ~ x

1

) & : : : & q

k

( ~ x

k

)) � V ( q ( ~ x )) , b y De�nition 3.4

and renaming closure of R ( L ) , �nite V and in�nitely man y v ariables in V AR

= ) G

0

r ;c

� ! G

0

0

s.t. G

0

0

= q

1

( ~ x

1

) & : : : & q

k

( ~ x

k

) &  

0 0

and [ [  

0 0

] ]

A

V

= [ [  &  

0

] ]

A

V

, b y

de�nition of the inference rules.

Next, �

0

2 [ [  

0 0

] ]

A

V

, since �

0 0

2 [ [  ] ]

A

, �

0 0

2 [ [  

0

] ]

A

i � 1

� [ [  

0

] ]

A

, �

00

2 [ [  &  

0

] ]

A

,

[ [  &  

0

] ]

A

V

= [ [  

0 0

] ]

A

V

and �

0

= �

00

j

V

.

Finally , comp

V

( �

0

; G

0

0

; A ) < N , since comp

V

( �

0

; G

0

0

; A ) � comp ( �

0 0

; G

0

0

; A ) < f i g =

f comp ( �

0 0

; q ( ~ x ) ; A ) g = comp ( �

0 0

; G

0

; A ) = comp

V

( �

0

; G

0

; A ) = N .

No w w e can obtain goals G

1

= q

1

( ~ x

1

) &  

0 0

; : : : ; G

k

= q

k

( ~ x

k

) &  

00

from G

0

0

s.t.

�

0

2 [ [  

00

] ]

A

V

, � ( �

0 0

( ~ x

1

); q

1

A

) = g

1

> 0 ; : : : ; � ( �

0 0

( ~ x

k

); q

k

A

) = g

k

> 0 , �

0

= �

00

j

V

and

comp

V

( �

0

; G

1

; A ) < N ; : : : ; comp

V

( �

0

; G

k

; A ) < N
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= ) for eac h goal G

1

; : : : ; G

k

, there exists a quan titativ e pro of tree from P

F

with

resp ectiv e answ er constrain t �

1

; : : : ; �

k

and resp ectiv e ro ot v alue

g

0

1

= g

1

; : : : ; g

0

k

= g

k

and �

0

2 [ [ �

1

& : : : & �

k

] ]

A

V

= [ [ � ] ]

A

V

, b y the h yp othesis

= ) there exists a quan titativ e pro of tree for G

0

from P

F

with answ er constrain t � and ro ot

v alue h

0

= f � min f g

0

1

; : : : ; g

0

k

g = f � min f g

1

; : : : ; g

k

g = h and �

0

2 [ [ � ] ]

A

V

.

The result follo ws b y arithmetic induction.

Returning to our to y example, the pro of pro cedure for quan titativ e de�nite clause sp eci�-

cations can b e illustrated as follo ws. A min/max deriv ation tree for the query q ( X ) & X = e

and the program of Fig. 3.1 is giv en in Fig. 3.3.

X = a

1

c

2 ; X = e & X = a

: 7 � min f 1 g

X = b

1

c

3 ; X = e & X = b

: 5 � min f 1 g

r r

p ( X ) & X = e

max f : 7 ;: 5 g = : 7

c

1 ; p ( X ) & X = e

1 � min f : 7 g = : 7

r

q ( X ) & X = e

max f : 7 g = : 7

Figure 3.3: Min/max tree for quan titativ e constrain t logic program

This tree con tains t w o success no des, X = a and X = b , from whic h t w o distinct quan ti-

tativ e pro of trees can b e obtained (see Fig. 3.4).

Soundness of quan titativ e CLP tells us that corresp onding to the quan titativ e pro of tree

with answ er constrain t X = a (resp. X = b ) and ro ot v alue : 7 (resp. : 5 ), w e kno w that the

quan titativ e form ula X = a

: 7

! q ( X ) & X = e (resp. X = b

: 5

! q ( X ) & X = e ) is a logical

consequence of the program of Fig. 3.1. This can easily b e v eri�ed from the minimal mo del

constructed in Fig. 3.2.

Completeness sa ys that for an ob ject h � ( X ) i assigned b y � 2 [ [ X = e ] ]

I

with mem b ership

degree � ( h � ( X ) i ; q

A

) = : 7 to the denotation of q under the minimal mo del A , w e ha v e a

corresp onding pro of tree with answ er constrain t X = a and ro ot v alue : 7 and � 2 [ [ X = a ] ]

I

.
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X = a

1

c

2 ; X = e & X = a

: 7 � min f 1 g

r

p ( X ) & X = e

max f : 7 g = : 7

c

1 ; p ( X ) & X = e

1 � min f : 7 g = : 7

r

q ( X ) & X = e

max f : 7 g = : 7

X = b

1

c

3 ; X = e & X = b

: 5 � min f 1 g

r

p ( X ) & X = e

max f : 5 g = : 5

c

1 ; p ( X ) & X = e

1 � min f : 5 g = : 5

r

q ( X ) & X = e

max f : 5 g = : 5

Figure 3.4: Quan titativ e pro of trees for quan titativ e constrain t logic program

Similarly , for an ob ject h �

0

( X ) i with �

0

2 [ [ X = e ] ]

I

and � ( h �

0

( X ) i ; q

A

) = : 5 , w e ha v e a pro of

tree with answ er constrain t X = b and ro ot v alue : 5 and �

0

2 [ [ X = b ] ]

I

.

3.6 P arsing and Searc hing in Quan titativ e CLGs

The quan titativ e CLP sc heme presen ted in the last c hapter allo ws for a de�nition of the parsing

problem (and similarly of the generation problem) for quan titativ e CLGs in the follo wing w a y:

Giv en a program P

F

(enco ding some quan titativ e CLG) and a query G (enco ding some input

sen tence), w e ask if w e can infer a P

F

-answ er ' of G (enco ding a parse of the input sen tence)

at a v alue � (enco ding the w eigh t of the parse) pro ving '

�

! G to b e a logical consequence

of P

F

. That is, according to the soundness and completeness results presen ted ab o v e, the

op erational concept of a quan titativ e pro of tree has a declarativ e coun terpart in the form

of a quan titativ e P

F

-answ er. T ruth-functionally , a quan titativ e P

F

-answ er tells us that the

answ er constrain t ' con tributes a truth-v alue � to the goal G in ev ery mo del of P

F

. In terms

of mem b ership v alues, this means that a P

F

-answ er to a query G = r ( ~ x ) & � at v alue � is a

satis�able L -constrain t ' suc h that for eac h mo del A of P

F

holds: If ' is satis�able, then �

is satis�able and all ob jects assigned to ~ x b y a solution of ' are in the denotation of r ( ~ x ) at

a mem b ership v alue of at least � .
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3.6.1 Quan titativ e F eature-Based CLGs

Returning to the simple linguistic CLG of Fig. 2.7, the formal sc heme describ ed ab o v e can b e

illustrated as follo ws.

The quan titativ e constrain t logic program P

F

of Fig. 3.5 is obtained from the program of

Fig. 2.7 simply b y adding n umerical factors to the program clauses.

1 phrase ( X )  

f

1

X = ( phr ase ^ CA T : s ^ DTR1:CA T : n ^ DTR2:CA T : v ^ DTR1:A GR :

Y ^ DTR2:A GR : Y ^ DTR1 : Z

1

^ DTR2 : Z

2

) & sign ( Z

1

) & sign ( Z

2

) .

2 phrase ( X )  

f

2

X = ( phr ase ^ CA T : np ^ DTR1:CA T : n ^ DTR2:CA T : n ^ DTR1 :

Z

1

^ DTR2 : Z

2

) & sign ( Z

1

) & sign ( Z

2

) .

3 word ( X )  

f

3

X = ( w or d ^ CA T : n ^ PHON : C l inton ^ A GR : sg ) .

4 word ( X )  

f

4

X = ( w or d ^ CA T : v ^ PHON : tal k s ^ A GR : sg ) .

5 word ( X )  

f

5

X = ( w or d ^ CA T : n ^ PHON : tal k s ^ A GR : pl ) .

6 sign ( X )  

f

6

phrase ( X ) .

7 sign ( X )  

f

7

word ( X ) .

Figure 3.5: Quan titativ e feature-based constrain t logic grammar

Giv en the quan titativ e CLG of Fig. 3.5 and a goal G of the form

X = ( sig n ^ DTR1: PHON : C l inton ^ DTR2: PHON : tal k s ) & sign ( X ) ;

again enco ding the input sen tence Clinton talks , w e can infer t w o di�eren t pro of trees for G ,

eac h with a sp eci�c answ er constrain t, enco ding a parse, and a sp eci�c ro ot v alue, enco ding

the preference v alue of the parse. Again, w e will depict only success branc hes and consider the

constrain t solv er as a blac k b o x. The t w o deriv ations are sho wn in Figs. 3.6 and 3.7.

The answ er constrain t � of the �rst deriv ation is obtained b y constrain t solving of the

terminal constrain ts of the �rst pro of tree. W e get

? [ : : : ] & ? [ : : : ]

c

� ! X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T :

n ^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR1: A GR : sg ^ DTR2 :

w or d ^ DTR2: CA T : v ^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR2: A GR : sg )

yielding the reading [ C l inton

N

tal k s

V

]

S

with w eigh t

� = f

6

� f

1

� min f f

7

� f

3

; f

7

� f

4

g :

The answ er constrain t  of the second deriv ation is
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? [ X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1:A GR : Y ^ DTR1:A GR : sg

^ DTR2 : w or d ^ DTR2: CA T : v ^ DTR2: PHON : tal k s

^ DTR2:A GR : Y ^ DTR2:A GR : sg )]

1

c

3 ; � [ X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1:A GR : Y ^ DTR2 : w or d ^ DTR2: CA T : v

^ DTR2: PHON : tal k s ^ DTR2:A GR : Y ^ DTR1 : Z

1

^ DTR2 : Z

2

)]

& Z

1

= ( w or d ^ CA T : n ^ PHON : C l inton ^ A GR : sg )

f

3

r

� [ X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1:A GR : Y ^ DTR2 : w or d ^ DTR2: CA T : v

^ DTR2: PHON : tal k s ^ DTR2:A GR : Y ^ DTR1 : Z

1

^ DTR2 : Z

2

)]

& word ( Z

1

)

f

3

c

7 ; � [ X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1:A GR : Y ^ DTR2 : w or d ^ DTR2: CA T : v

^ DTR2: PHON : tal k s ^ DTR2:A GR : Y ^ DTR1 : Z

1

^ DTR2 : Z

2

)]

& word ( Z

1

)

f

7

� f

3

r

� [ X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1:A GR : Y ^ DTR2 : w or d ^ DTR2: CA T : v

^ DTR2: PHON : tal k s ^ DTR2:A GR : Y ^ DTR1 : Z

1

^ DTR2 : Z

2

)]

& sign ( Z

1

)

f

7

� f

3

? [ : : : ]

1

c

4 ; � [ : : : ]

& Z

2

= ( w or d ^ CA T : v

^ PHON : tal k s ^ A GR : sg )

f

4

r

� [ : : : ] & word ( Z

2

)

f

4

c

7 ; � [ : : : ] & word ( Z

2

)

f

7

� f

4

r

� [ : : : ] & sign ( Z

2

)

f

7

� f

4

c c

1 ; X = ( sig n ^ DTR1: PHON : C l inton ^ DTR2: PHON : tal k s )

& X = ( phr ase ^ CA T : s ^ DTR1: CA T : n ^ DTR2: CA T : v ^ DTR1:A GR : Y

^ DTR2:A GR : Y ^ DTR1 : Z

1

^ DTR2 : Z

2

) & sign ( Z

1

) & sign ( Z

2

)

f

1

� min f f

7

� f

3

; f

7

� f

4

g

r

X = ( sig n ^ DTR1: PHON : C l inton ^ DTR2: PHON : tal k s ) & phrase ( X )

f

1

� min f f

7

� f

3

; f

7

� f

4

g

c

6 ; X = ( sig n ^ DTR1:PHON : C l inton ^ DTR2: PHON : tal k s ) & phrase ( X )

f

6

� f

1

� min f f

7

� f

3

; f

7

� f

4

g

r

X = ( sig n ^ DTR1: PHON : C l inton ^ DTR2: PHON : tal k s ) & sign ( X )

f

6

� f

1

� min f f

7

� f

3

; f

7

� f

4

g

Figure 3.6: Quan titativ e deriv ation of [ C l inton

N

tal k s

V

]

S
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? [ X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : sg ^ DTR2 : w or d

^ DTR2: CA T : n ^ DTR2: PHON : tal k s )]

1

c

3 ; � [ X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR2 : w or d ^ DTR2: CA T : n

^ DTR2: PHON : tal k s ^ DTR1 : Z

1

^ DTR2 : Z

2

)]

& Z

1

= ( w or d ^ CA T : n ^ PHON : C l inton )

f

3

r

� [ X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR2 : w or d ^ DTR2: CA T : n

^ DTR2: PHON : tal k s ^ DTR1 : Z

1

^ DTR2 : Z

2

)]

& word ( Z

1

)

f

3

c

7 ; � [ X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR2 : w or d ^ DTR2: CA T : n

^ DTR2: PHON : tal k s ^ DTR1 : Z

1

^ DTR2 : Z

2

)]

& word ( Z

1

)

f

7

� f

3

r

� [ X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR2 : w or d ^ DTR2: CA T : n

^ DTR2: PHON : tal k s ^ DTR1 : Z

1

^ DTR2 : Z

2

)]

& sign ( Z

1

)

f

7

� f

3

y [ X = ( phr ase ^ CA T : np

^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton

^ DTR2 : w or d ^ DTR2: CA T : n

^ DTR2: PHON : tal k s

^ DTR2: A GR : pl )]

1

c

5 ; � [ : : : ]

& Z

2

= ( w or d ^ CA T : n

^ PHON : tal k s ^ A GR : pl )

f

5

r

� [ : : : ] & word ( Z

2

)

f

5

c

7 ; � [ : : : ] & word ( Z

2

)

f

7

� f

5

r

� [ : : : ] & sign ( Z

2

)

f

7

� f

5

c c

2 ; X = ( sig n ^ DTR1: PHON : C l inton ^ DTR2: PHON : tal k s )

& X = ( phr ase ^ CA T : np ^ DTR1: CA T : n ^ DTR2: CA T : n

^ DTR1 : Z

1

^ DTR2 : Z

2

)

& sign ( Z

1

) & sign ( Z

2

)

f

2

� min f f

7

� f

3

; f

7

� f

5

g

r

X = ( sig n ^ DTR1: PHON : C l inton ^ DTR2: PHON : tal k s ) & phrase ( X )

f

2

� min f f

7

� f

3

; f

7

� f

5

g

c

6 ; X = ( sig n ^ DTR1:PHON : C l inton ^ DTR2: PHON : tal k s ) & phrase ( X )

f

6

� f

2

� min f f

7

� f

3

; f

7

� f

5

g

r

X = ( sig n ^ DTR1: PHON : C l inton ^ DTR2: PHON : tal k s ) & sign ( X )

f

6

� f

2

� min f f

7

� f

3

; f

7

� f

5

g

Figure 3.7: Quan titativ e deriv ation of [ C l inton

N

tal k s

N

]

N P
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? [ : : : ] & y [ : : : ]

c

� ! X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T :

n ^ DTR1: PHON : C l inton ^ DTR1: A GR : sg ^ DTR2 : w or d ^ DTR2: CA T :

n ^ DTR2: PHON : tal k s ^ DTR2: A GR : pl )

yielding the reading [ C l inton

N

tal k s

N

]

N P

with w eigh t

� = f

6

� f

2

� min f f

7

� f

3

; f

7

� f

5

g :

Supp ose no w that w e ha v e a sub jectiv e w eigh t assignmen t for the factors of the quan titativ e

CLG of Fig. 3.5 where f

1

> f

2

and f

4

> f

5

. That is, w e prefer the rule S ! N V o v er the

rule N P ! N N to describ e a phrase. F urthermore, the terminal rule V ! tal k s , enco ding

the w ord talks as a v erb, is preferred o v er the rule N ! tal k s , enco ding it as a noun. Clearly ,

w e get a preference of the answ er constrain t � , enco ding the reading [ C l inton

N

tal k s

V

]

S

, o v er

the answ er constrain t  , enco ding the reading [ C l inton

N

tal k s

N

]

N P

, with � > � .

3.6.2 Alpha-Beta Searc hing in Quan titativ e CLGs

As prop osed b y v an Emden (1986), searc h strategies suc h as alpha-b eta pruning that are w ell

kno wn in game theory can b e used quite directly to de�ne e�cien t searc h strategies for quan-

titativ e rule sets. The same tec hnique can b e applied to the pro of pro cedure of quan titativ e

CLP . Alpha-b eta pruning is a tec hnique to sp eed up the searc h in min/max trees without

loss of information. F or our application, alpha-b eta pruning can b e used to e�cien tly searc h

a min/max deriv ation tree for the maximal v alued pro of tree. The fact that no information is

lost in alpha-b eta pruning means in our con text that the maximal v alued pro of tree is guar-

an teed to b e found. F urthermore, in general, the amoun t of searc h needed to �nd the b est

pro of for a goal, i.e. the maximal v alued pro of tree for a goal from a program, will b e reduced

remark ably b y con trolling the searc h b y the alpha-b eta algorithm.

The cen tral concepts of alpha-b eta pruning can b e summarized as follo ws (see Nilsson

(1982)).

Usually some form of depth-�rst searc h is emplo y ed in alpha-b eta pruning. The searc h

pro cedure asso ciates with eac h max-no de (resp. min-no de) a dynamic alpha-v alue (resp. b eta-

v alue). These v alues are based on the static v alues of terminal no des and will b e bac k ed-up in

subsequen t searc h b y lo ok ahead in the tree.

The searc h pro cedure starts with a maxim um depth execution of depth-�rst searc h, ini-

tializing the alpha and b eta v alues of the �rst subtree. During searc h, alpha and b eta v alues

are computed as follo ws:

� The alpha v alue of a max-no de is the maxim um of the curren t v alues of its successors.

� The b eta v alue of a min-no de is the minim um of the curren t v alues of its successors,

m ultiplied b y the factor of the clause lab eling the min-no de.
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The rules for discon tin uing the searc h are as follo ws:

� Alpha-cuto� : Searc h can b e discon tin ued b elo w an y min-no de ha ving a b eta v alue less

than or equal to the alpha v alue of an y of its max-no de ancestors. The �nal bac k ed-up

v alue of this min-no de can then b e set to its b eta v alue.

� Beta-cuto� : Searc h can b e discon tin ued b elo w an y max-no de with the pro duct of its

alpha v alue and the factor of the rule lab eling its min-no de ancestor b eing greater than

or equal to the b eta v alue of this min-no de ancestor for all min-no de ancestors. The �nal

bac k ed-up v alue of this max-no de can then b e set to its alpha v alue.

The pro cedure terminates when all of the successors of the ro ot no de ha v e b een giv en a �nal

bac k ed-up v alue. The maximal v alued pro of tree is then the one taking as single successor of

eac h of its max-no des the successor with the maximal �nal bac k ed-up v alue. This pro of tree

is found e�cien tly if the original min/max tree can b e pruned b y the alpha-b eta pro cedure to

a tree consisting of a relativ ely small n um b er of no des.

Let us illustrate these concepts with a simple example. A sample arti�cial program is giv en

in Fig. 3.8.

1 p ( X )  

: 7

r ( X ) & s ( X ) :

2 r ( X )  

: 8

X = a:

3 s ( X )  

: 9

X = a:

4 s ( X )  

: 2

r ( X ) :

5 p ( X )  

: 7

t ( X ) & r ( X ) & s ( X ) :

6 t ( X )  

: 1

X = a:

Figure 3.8: Quan titativ e constrain t logic program

The complete min/max deriv ation tree for the query p ( X ) & X = a to the program of Fig.

3.8 is giv en in Fig. 3.9.

The concept of alpha-b eta pruning can b e illustrated with this example as follo ws (see Fig.

3.10). The alpha v alue � = : 9 of the max-no de s ( X ) & X = a times the factor : 7 of the min-

no de ancestor is greater than the b eta v alue � = : 56 of this min-no de. Since w e kno w that this

alpha v alue cannot b e decreased b y further ev aluation of the subtrees of this max-no de, and

since w e are in terested in the minim um of the v alues of the successors of this min-no de, w e can

cut o� the searc h b elo w this max-no de without a risk of losing information relev an t to the �nal

maximal v alued pro of tree. This cuto� is indicated b y the dotted line b elo w this max-no de in

Fig. 3.10. In a similar w a y , searc h b elo w the min-no de 5 ; t ( X ) & r ( X ) & s ( X ) & X = a can

b e discon tin ued b ecause the non-decreasing b eta v alue � = : 07 of this no de is already smaller

than the alpha v alue � = : 56 of its max-no de ancestor. The pruning of the t w o subtrees of this
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X = a

1

c

2 ; X = a & X = a

: 8

r

r ( X ) & X = a

: 8

X = a

1

c

3 ; X = a & X = a

: 9

X = a

1

c

2 ; X = a & X = a

: 8

r

r ( X ) & X = a

: 8

c

4 ; r ( X ) & X = a

: 2 � : 8

r r

s ( X ) & X = a

max( : 9 ;: 16)= : 9

c c

1 ; r ( X ) & s ( X ) & X = a

: 7 � min ( : 8 ;: 9)= : 56

X = a

1

6 ; X = a & X = a

: 1

t ( X ) & X = a

: 1

X = a

1

c

2 ; X = a & X = a

: 8

r

r ( X ) & X = a

: 8

X = a

1

c

3 ; X = a & X = a

: 9

X = a

1

c

2 ; X = a & X = a

: 8

r

r ( X ) & X = a

: 8

c

4 ; r ( X ) & X = a

: 2 � : 8

r r

s ( X ) & X = a

max ( : 9 ;: 16)= : 9

c c c

5 ; t ( X ) & r ( X ) & s ( X ) & X = a

: 7 � min( : 1 ;: 8 ;: 9)= : 07

r r

p ( X ) & X = a

max( : 56 ;: 07)= : 56

Figure 3.9: Complete searc h of a quan titativ e deriv ation tree

min-no de again is indicated b y dotted lines in Fig. 3.10. Again, there is no risk of information

loss in this pruning step.

Clearly , in eac h application of the alpha-b eta pro cedure, the n um b er of no des to b e gen-

erated and ev aluated is minimal when the n um b er of cuto�s is maximal. The b est case o ccurs

when the maximal v alued pro of tree is reac hed �rst in the depth-�rst searc h. In the w orst

case, no gain in searc h e�ciency is obtained at all, i.e., all no des of the min/max tree ha v e to

b e generated. In either case, the maximal v alued pro of tree is guaran teed to b e left unpruned.

Risking loss of relev an t information, the alpha-b eta pro cedure can b e impro v ed b y setting an

initial alpha v alue for the ro ot note whic h allo ws to cut o� searc h branc hes with ro ot v alue

lo w er than this initial v alue. F or a thorough analysis of the prop erties of alpha-b eta pruning

the reader is referred to Kn uth and Mo ore (1975).

F urthermore, it should b e noted that a strict application of alpha-b eta pruning is p ossible

only for quan titativ e CLP based on min/max trees. Supp ose for example that the minim um

op erator is replaced b y a pro duct op erator throughout the declarativ e as w ell as op erational

seman tics of quan titativ e CLP . This replacemen t could b e motiv ated b y the aim to consider

the con tribution of all instead only one an teceden t atom to the w eigh t of the consequen t. T o

e�cien tly searc h for the maximal v alued pro of tree in suc h a setting, a v ersion of alpha-b eta

pruning emplo ying only alpha-cuto�s has to b e used. In this setting, additional b eta-cuto�s

can impro v e the searc h e�ciency for �nding a go o d pro of tree, but p ossibly cut o� parts of

the b est pro of tree, i.e., here atten tion has to b e paid to the risk of losing information relev an t
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X = a

1

c

2 ; X = a & X = a

� = : 8

r

r ( X ) & X = a

� = : 8

X = a

1

c

3 ; X = a & X = a

� = : 9

� -cuto�: : 9 � : 7 � : 56

r

s ( X ) & X = a

� = : 9

c c

1 ; r ( X ) & s ( X ) & X = a

� = : 7 � : 8

X = a

1

6 ; X = a & X = a

� = : 1

t ( X ) & X = a

� = : 1

� -cuto�: : 07 � : 56

c

5 ; t ( X ) & r ( X ) & s ( X ) & X = a

� = : 7 � : 1

r r

p ( X ) & X = a

� = : 56

Figure 3.10: Alpha-b eta searc h of quan titativ e deriv ation tree

to the maximal v alued pro of tree.

3.7 Summary and Discussion

In this c hapter w e presen ted a formal framew ork for quan titativ e CLP . In this framew ork CLP

clauses w ere attac hed b y arbitrary n umerical w eigh ts. Suc h w eigh ted clauses w ere in terpreted

in a mo del-theory based on concepts of fuzzy set algebra. The quan titativ e system w as sho wn

to b e sound and complete with resp ect to a �xp oin t seman tics based on minimal mo dels in

this mo del-theory . W e illustrated the concepts of quan titativ e CLP b y a simple quan titativ e

feature-based CLG. F urthermore, w e sho w ed ho w to adapt the searc h algorithm of alpha-b eta

pruning to searc hing e�cien tly for the highest w eigh ted pro of tree in a quan titativ e CLP

system.

The adv an tage of quan titativ e CLP clearly is the freedom it o�ers to the grammar writer or

implemen ter to sp ecify arbitrary w eigh ts in a formally clear and e�cien t programming frame-

w ork. Suc h w eigh ts could b e sp eci�ed, e.g., as sub jectiv e preference v alues (Erbac h 1993b, Kim

1994, Douglas and Dale 1992), sub jectiv e v alues expressing graded grammaticalit y (Erbac h

1993a), or sub jectiv e probabilities (Erbac h 1998). Calculation with arbitrary suc h w eigh ts

can b e in terpreted in a unique w ell-de�ned formal framew ork. F urthermore, generalizations

of the formal system to particular applications whic h require particular calculation sc hemes

are easily obtainable. F or example, if w e w an t to mo del probabilistic con text-free grammars

(Bo oth and Thompson 1973) in quan tatitiv e CLP , w e simply m ust attac h sub jectiv e probabil-

it y measures to a con text-free program according to the conditions of Bo oth and Thompson

(1973), and replace the minim um op erator b y a pro duct op erator in all relev an t de�nitions of
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the declarativ e and op erational seman tics of quan titativ e CLP . Unfortunately , suc h c hanges

in the w eigh t calculation mo del prev en t a direct application of alpha-b eta pruning for e�cien t

disam biguation. F or example, in the case of probabilistic con text-free CLP , only a restricted

v ersion of alpha-b eta pruning using exclusiv ely alpha-cuto�s is applicable. Alternativ ely , one

could use a form of b est-�rst pruning for the searc h task, i.e., a searc h rule whic h selects the

highest w eigh ted clause at eac h deriv ation step. Clearly , this approac h do es not guaran tee

that the highest w eigh ted pro of tree is found, but o�ers only an appro ximate heuristic searc h

pro cedure.

Ho w ev er, regardless of the sp eci�c c hoice of w eigh ts, a prop er sp eci�cation of a m ultitude of

w eigh ts can b e v ery complex and is alw a ys user-dep enden t. In sev eral applications, one w ould

lik e to trade in the �exibilit y of sub jectiv e w eigh t assignmen t for automatic and reusable

metho ds for estimating w eigh ts from empirical data. One solution to this problem is to use

automatic metho ds for statistical inference to induce v alues of probabilistic parameters from

empirical data.

In the next c hapter, w e presen t an framew ork of probabilistic CLP whic h addresses the

problem of �nding a prop er probabilit y distribution o v er the set of pro of trees of a constrain t

logic program and of using statistical estimation metho ds to infer parameters from empirical

data. Clearly , ev en if it w ould b e p ossible to sp ecify a mo del-theoretic seman tics for suc h a

system, it is sup er�uous to do so in the con text of automatic statistical inference. Rather, the

in terest is here in the sto c hastic seman tics of CLP pro vided b y the probabilistic and statistical

metho ds used.



Chapter 4

Probabilistic CLP: Probabilistic

Mo deling and Statistical Inference

from Incomplete Data

In this c hapter w e presen t a probabilistic mo del for CLP and a no v el metho d for statistical

inference of the parameter v alues of suc h a mo del from incomplete training data. W e sho w

mononoticit y and con v ergence of the new algorithm to the desired maxim um lik eliho o d esti-

mates. F urthermore, w e sho w the usefulness of the statistical approac h b y a small-scale exp er-

imen t on estimating feature-based CLGs. W e presen t a no v el algorithm to infer the prop erties

of suc h parametric probabilit y mo dels from incomplete data and discuss di�eren t approac hes

for appro ximate computation for the inference task. Moreo v er, w e discuss the p ossibilities of

using the structure of the probabilistic mo del to guide the searc h in �nding the most probable

pro of tree in probabilistic CLP and presen t as heuristic searc h metho d for this task.

This c hapter is based up on w ork previously published in Riezler (1997), Riezler (1998a),

Riezler (1998b), and Johnson, Geman, Canon, Chi, and Riezler (1999).

4.1 In tro duction and Ov erview

In the previous c hapter w e presen ted a formal seman tics for a system of quan titativ e CLP .

This formal seman tics and the connected quan titativ e inference system w ere crucially based

up on op en parameters for sub jectiv e w eigh ts. Most approac hes to probabilistic logic program-

ming in terpret suc h w eigh ts as sub jectiv e probabilities, and concen trate on inference systems

and formal seman tics for programming systems with user-de�ned probabilities attac hed to

the form ulae of the language. The aim of suc h approac hes is the dev elopmen t of sound and

complete logic programming systems where the handling of w eigh ts is restricted to accord to

57
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the la ws of probabilit y theory . That is, these approac hes aim to connect logical inference with

probabilistic inference.

In this c hapter, w e presen t a completely di�eren t approac h to probabilistic CLP . In this

approac h, sub jectiv e assignmen t of probabilities is replaced b y automatic and reusable meth-

o ds for estimating empirical probabilities from data. The cen tral aims of this approac h are the

sp eci�cation of a probabilit y distribution o v er the pro of trees giv en b y a program, and the use

of statistical metho ds to infer the v alues of the probabilistic parameters from empirical data.

That is, in this setting, the w eigh t of a CLP pro of tree is determined directly b y a probabil-

it y distribution o v er pro of trees rather than b y quan titativ e calculation sc heme referring to

w eigh ted clauses. The parameters of the probabilit y distribution are determined b y statistical

inference from empirical data rather than b y an assignmen t of sub jectiv e w eigh ts to clauses.

F urthermore, the sp eci�c prop erties of the parametric probabilit y mo del can b e inferred b y

statistical metho ds. That means, in this c hapter w e do not only turn from quan titativ e to prob-

abilistic inference but, what is more, to statistical inference. In suc h a setting, the connection

of probabilit y theory , seman tic �xp oin t theory and logical inference theory is not of in terest

since the sp eci�cation of probabilistic parameters is done b y automatic statistical metho ds

and not manipulable b y the user. Rather, w e are in terested in the sto c hastic seman tics de�ned

b y the metho ds of probabilistic mo deling and statistical inference.

The statistical problem w e consider here is the problem of statistical parameter estimation.

W e assume that the statistical prop erties of a giv en sample of observ ations O = O

1

; : : : ; O

n

can b e describ ed b y a parametric family of probabilit y distributions. That is, the probabilit y

distribution that generated the data is assumed to b e completely kno wn except for the v alues

of a v ector � of parameters. W e then ask ho w the unkno wn v alue of � can b e estimated

from the observ ation sequence O , i.e., a statistical inference is made ab out the v alues of

the parameters de�ning that family . Recen t in terest in statistical approac hes to NLP can b e

attributed to the fact that solutions to suc h statistical problems can lead quite directly to

e�ectiv e, but conceptually simple and mathematically clear solutions to v arious problems in

NLP . In the con text of structural am biguit y resolution in NLP systems, this connection is as

follo ws: Giv en a probabilistic grammar dep ending on parameter v ector � and giv en a training

corpus O , a solution

^

� to the parameter estimation problem will adapt the mo del parameters

to b est accoun t for the input corpus. This tuning of the grammar to a particular natural

language corpus is a necessary prerequisite for probabilistic disam biguation. That is, when

the plausibilit y of a parse is connected with its probabilit y , the assumption that the correct

parse of a sen tence is its most probable parse can b e made with some justi�cation if the

underlying probabilistic grammar is based on parameter v alues

^

� estimated from large data

sets of natural language.

The aim of this c hapter is to solv e op en problems in statistical inference and probabilistic

mo deling of constrain t-based grammars. F ollo wing Abney (1996), w e c ho ose the parametric
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family of log-linear probabilit y distributions to mo del suc h grammars. The great adv an tage

of log-linear mo dels is their generalit y and �exibilit y . Log-linear mo dels allo w to describ e

arbitrary con text dep endencies in the data b y c ho osing a few salien t prop erties of the data as

the de�ning prop erties of the mo del. In con trast to most approac hes to probabilistic grammars,

with log-linear mo dels w e are not restricted to build our mo dels on pro duction rules or other

con�gurational prop erties of the data. Rather, w e ha v e the virtue of emplo ying essen tially

arbitrary prop erties in our mo dels. F or example, heuristics on preferences of grammatical

functions or on attac hmen t preferences as used in Sriniv as, Doran, and Kulic k (1995), or the

preferences in lexical relations as used in Alsha wi and Carter (1994) can b e in tegrated in to a

log-linear mo del v ery easily . Ho w ev er, the step from simple rule-based probabilit y mo dels to

general log-linear mo dels requires also a more general and more complex estimation algorithm.

The estimation algorithm for log-linear mo dels used b y Abney (1996) is the iterativ e scaling

metho d of Della Pietra, Della Pietra, and La�ert y (1997). This algorithm allo ws to recast the

optimization of w eigh ts of preference functions as done b y Sriniv as, Doran, and Kulic k (1995)

or Alsha wi and Carter (1994) as estimation of parameters asso ciated with the prop erties of

a log-linear mo del. Ho w ev er, there is a dra wbac k: In con trast to rule-based mo dels where

e�cien t estimation algorithms from incomplete, i.e., unannotated data exist, the iterativ e

scaling estimation metho d of Della Pietra, Della Pietra, and La�ert y (1997) applies only to

complete, i.e., fully annotated training data. Unfortunately , the need to rely on large samples of

complete data is impractical. F or parsing applications, complete data means sev eral p erson-

y ears of hand-annotating large corp ora with sp ecialized grammatical analyses. This task is

alw a ys lab or-in tensiv e, error-prone, and restricted to a sp eci�c grammar framew ork, a sp eci�c

language, and a sp eci�c language domain.

Th us, the �rst op en problem to solv e is fo �nd automatic and reusable tec hniques for

parameter estimation of probabilistic constrain t-based grammars from incomplete data. W e

will presen t a general estimation algorithm for log-linear mo dels from incomplete data whic h

can b e seen as an extension of the iterativ e scaling metho d of Della Pietra, Della Pietra,

and La�ert y (1997). W e pro v e monotonicit y and con v ergence of the new algorithm to (lo cal)

maxima of the incomplete-data log-lik eliho o d function, and sho w ho w automatic prop ert y

selection can b e done from incomplete data.

A further op en problem is the empirical ev aluation of the p erformance of probabilistic

constrain t-based grammars in terms of �nding h uman-determined correct parses. W e presen t

an exp erimen t with a log-linear mo del emplo ying a few h undred general prop erties enco ding

grammatical functions, attac hmen t preferences, branc hing b eha viour, parallelism, and other

general prop erties of constrain t-based parses. The exp erimen t w as conducted on a small scale

but clearly sho ws the usefulness of general prop erties in order to get go o d results in a linguistic

ev aluation.

Clearly , for larger scales, problems arise concerning the tractabilit y of the estimation for-
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m ulae. W e discuss the applicabilit y of sev eral appro ximation metho ds to our problem of sta-

tistical inference from incomplete data, including Newton's metho d, Mon te Carlo metho ds, or

metho ds for appro ximating exp ectations via pseudo-lik eliho o d approac hes.

A further op en problem is the e�cien t searc h for most probable parses, i.e, b est-parse

searc h, in parsing systems based on probabilistic constrain t-based grammars. Instead of listing

all p ossible parses and selecting the most probable one, one w ould lik e to use the structure

of the probabilistic mo del to guide the searc h for the most probable analysis. Most p opular

approac hes use the searc h tec hnique of the Viterbi algorithm (Viterbi (1967), F orney (1973)) to

solv e this problem, but there is as y et no solution for probabilistic constrain t-based grammars.

W e sho w that standard metho ds for b est-parse searc h are only of limited use for probabilistic

mo dels in v olving con text-dep endencies, and mak e the mo v e to appro ximate heuristic metho ds.

T o summarize, our approac h satis�es the follo wing requiremen ts. It

� is generally applicable to probabilit y mo dels in v olving con text-dep endencies, and esp e-

cially to a probabilistic mo del for CLP o v er arbitrary constrain t languages,

� pro vides automatic and reusable tec hniques for statistical inference from incomplete data

for suc h probabilit y mo dels, and

� is accompanied with searc h tec hniques for �nding most probable analyses in probabilistic

CLP .

This c hapter is organized as follo ws. Is Sect. 4.2 w e discuss related previous approac hes to

statistical inference for probabilistic constrain t-based grammars.

In Sect. 4.3 w e in tro duce the basic concepts of maxim um lik eliho o d estimation from in-

complete data via the EM algorithm.

Sect. 4.4 discusses the problem of applying a p opular instance of this algorithm, namely

Baum's maximization tec hnique for sto c hastic con text-free mo dels, to parameter estimation

for probabilistic CLP .

Sect. 4.5 and 4.6 presen t in detail a solution to this problem b y in tro ducing a log-linear

probabilit y mo del for CLP coupled with an incomplete-data inference algorithm for suc h

mo dels. This section includes a detailed pro of of monotonicit y and con v ergence of the inference

algorithm.

Sect. 4.7 presen ts an empirical ev aluation of the applicabilit y of general log-linear distri-

butions to probabilistic constrain t-based grammars in a small-scale exp erimen t on estimating

a log-linear mo del on constrain t-based parses.

Sect. 4.8 discusses computation issues suc h as the use of Mon te Carlo metho ds, Newton's

n umerical metho d, and other appro ximation tec hniques in the con text of this inference pro cess.
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Sect. 4.9 discusses the applicabilit y of standard parsing and searc h metho ds to con text-

dep enden t constrain t-based mo dels, and presen ts a heuristic metho d for searc hing for b est

parses in CLGs.

4.2 Previous W ork

An approac h to de�ne estimators for probabilistic constrain t-based grammars whic h has b een

applied to nearly all constrain t-based formalisms is a renormalized extension of the estima-

tor for sto c hastic regular (Baum, P etrie, Soules, and W eiss 1970) or con text-free grammars

(Bak er 1979) to constrain t-based mo dels. Examples for this approac h are, e.g., sto c hastic

uni�cation-based grammars (Brisco e and W aegner 1992; Brisco e and Carroll 1993), sto c hastic

constrain t logic programming (Eisele 1994), sto c hastic head-driv en phrase structure grammar

(Brew 1995), sto c hastic logic programming (Miy ata 1996), sto c hastic categorial grammars

(Osb orne and Brisco e 1997) or data-orien ted approac hes to lexical-functional grammar (Bo d

and Kaplan 1998). Since the estimation tec hnique for con text-free mo dels is based on the

assumption of m utual indep endence of the mo del's deriv ation steps, but con text-dep enden t

constrain ts on deriv ations are inheren t to constrain t-based grammars, a loss in probabilit y

mass due to failure deriv ations is caused in these approac hes. Ho w ev er, the necessary renor-

malization of the probabilit y distribution on deriv ations with resp ect to consisten t deriv ations

causes a general deviance of the resulting estimates from the desired maxim um lik eliho o d

estimates. This w as sho wn �rstly b y Abney (1996) for estimation of constrain t-based mo dels

from complete data. W e will mak e a similar argumen t for incomplete data in the follo wing.

Optimization-theoretically these approac hes can b e describ ed as maximization pro cedures

for pseudo-lik eliho o d functions for con text-free mo dels where the probabilit y distribution on

con text-free deriv ations is restricted to consisten t deriv ations in the constrain t-based sense.

Maxim um pseudo-lik eliho o d estimators for con text-free mo dels certainly are sensible, e.g., if

the aim is to constrain an inheren tly con text-free language to include only linguistically plausi-

ble deriv ations as is done b y in tro ducing brac k eting constrain ts on con text-free deriv ations b y

P ereira and Sc hab es (1992). Ho w ev er, it is questionable if is the b est w a y to mo del constrain t-

based grammars probabilistically b y con text-free mo dels whic h resp ect constrain ts only indi-

rectly to discard deriv ations. The mo v e to log-linear mo dels as is done in our approac h clearly

has sev eral adv an tages. Since there is linguistically no reason to base probabilistic grammars

on rule-prop erties, w e can no w exploit the �exibilit y of log-linear distributions and mo del the

con text-dep endencies in the data directly . F urthermore, since the new family of parametric

probabilit y mo dels requires new estimation tec hniques, w e can again tak e consisten t maxim um

lik eliho o d estimators as the optimization pro cedures of our c hoice.

Other approac hes to probabilistic constrain t-based mo dels ha v e b een presen ted whic h de-

�ne custom-built statistical inference pro cedures for sp ecialized parsing mo dels including a
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limited amoun t of con text-dep endency . F or example, the mo del presen ted b y Go o dman (1998)

conditions on a �nite set of categorial features b ey ond the non terminal of eac h no de whic h

mak es it p ossible to explicitly unfold the dep endencies in the parsing mo del. This allo ws for

the use of standard dynamic programming tec hniques for computation. In the approac hes of

Magerman (1994) and Ratnaparkhi (1998) general statistical inference metho ds, namely deci-

sion trees and maxim um-en trop y metho ds, are used to infer w eigh ts asso ciated to the actions

of sp ecialized parsing mo dels including limited con text-dep endency . Ho w ev er, it is di�cult to

generalize these mo dels to arbitrary log-linear mo dels on constrain t-based grammars, concern-

ing b oth the c hoice of prop erties and the issue of e�cien t computation. Clearly , a careful c hoice

of prop erties and dep endencies mak es it p ossible to tune sp ecialized mo dels to maxim um ac-

curacy and e�ciency , whic h do es not hold for the general case

1

The aim of our approac h is

to address problems concerning estimation, prop ert y design, or appro ximation metho ds for

general log-linear mo dels and sho w these general ideas to b e applicable in practice.

4.3 Maxim um Lik eliho o d Estimation from Incomplete Data via

the EM Algorithm

A constan t companion during the course of this c hapter will b e the statistical estimation

tec hnique of the Exp ectation-Maximization (EM) algorithm. The fact that b oth Baum's esti-

mation tec hnique, whic h is sho wn not to b e applicable to probabilistic CLP in Sect. 4.4.2, and

the incomplete-data estimation algorithm for log-linear mo dels w e presen t in Sects. 4.5-4.8,

can b e seen as instances of the EM algorithm, justi�es a closer lo ok at this estimation sc heme.

4.3.1 General Theory of the EM Algorithm

The EM algorithm has b een in tro duced b y Dempster, Laird, and Rubin (1977), although

cen tral parts of the general theory can b e found earlier in sp ecial applications, e.g., in Baum,

P etrie, Soules, and W eiss (1970). V arious applications and extensions of the algorithm are

discussed in Little and Rubin (1987) and, more recen tly , in McLac hlan and Krishnan (1997).

The EM metho d is a tec hnique for maxim um lik eliho o d estimation (MLE) from incomplete

data. F or a parametric family of probabilit y distributions dep ending on parameter v ector �

and a giv en sample of training data from this parametric family , MLE de�nes the estimate

^

�

of � as a v alue of � whic h maximizes the lik eliho o d of the training sample. MLE from observ ed

complete data is particularily easy for man y statistical problems, thanks to the nice form of the

complete-data (log-)lik eliho o d function. The problem the EM algorithm esp ecially addresses

is the case where the observ ed data are incomplete. That is, w e observ e only a function of

1

F or example, as noted b y Go o dman (1998), the computational complexit y of his dynamic programming

algorithm for probabilistic feature-grammars is exp onen tial in the general case.
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complete data, whic h themselv es are unobserv ed. Because of this indirect, hidden c haracter of

the complete data, MLE from incomplete data is di�cult.

In the follo wing, an incomplete-data estimation setting is assumed to consist of

� a sample space Y of observ ed, incomplete data,

� a sample space X of unobserv ed, complete data,

� a man y-to-one function Y : X ! Y s.t. Y ( x ) = y is the unique observ ation corresp onding

to the complete datum x , and its in v erse X : Y ! 2

X

s.t. X ( y ) = f x j Y ( x ) = y g is the

coun tably in�nite set of complete data corresp onding to the observ ation y ,

� a complete-data sp eci�cation p

�

( x ) with parameters � 2 � ,

� an incomplete data sp eci�cation g

�

( y ) whic h is related to the complete-data sp eci�cation

b y marginalization as

g

�

( y ) =

X

x 2 X ( y )

p

�

( x ) :

Let y

1

; y

2

; : : : ; y

N

b e a random sample from Y , i.e., v alues of indep enden tly and iden tically

distributed (i.i.d.) random v ariables on Y . Let p [ f ] =

P

! 2 


p ( ! ) f ( ! ) denote the exp ectation

of a function f : 
 ! I R with resp ect to a probabilit y distribution p on 
 . If f is a m ulti-

v ariable function f ( !

0

; ! ) , then the exp ectation of f with resp ect to p ( ! ) is written p [ f ( !

0

; � )] .

F urthermore, let the empirical probabilit y ~p ( y ) of an incomplete data t yp e b e de�ned as

~p : Y ! I R s.t. ~p ( y ) = N

� 1

P

N

i =1

�

y

i

;y

where the Kronec k er delta �

y

i

;y

=

(

1 if y

i

= y ;

0 otherwise.

Then the incomplete-data log-lik eliho o d L is de�ned for a random sample from Y as a function

of � as

L ( � ) = ln

Y

y 2Y

g

�

( y )

~p ( y )

=

X

y 2Y

~p ( y ) ln g

�

( y ) = ~p [ln g

�

] :

The EM algorithm is directed at �nding a v alue

^

� of � 2 � that maximizes L as a function of

� for a giv en random sample from Y , i.e.,

^

� = arg max

� 2 �

L ( � ) where L ( � ) = ~p [ln g

�

] = ~p [ln

X

x 2 X ( � )

p

�

( x )] :

The summation inside this logarithm can mak e MLE from incomplete data di�cult ev en when

complete-data MLE is easy .
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The old idea formalized in the EM algorithm can b e stated informally as follo ws: 1. Replace

unobserv ed data v alues b y exp ected v alues, 2. p erform MLE from the exp ected complete

data, 3. recompute the unobserv ed data exp ectations using the new parameter estimates, 4.

reestimate parameters using the new exp ectations, 5. iterate un til con v ergence of the lik eliho o d

function.

The tric k of the EM algorithm th us is to solv e the incomplete-data estimation problem for

ln g

�

( y ) indirectly b y pro ceeding iterativ ely in terms of complete-data estimation for ln p

�

( x ) .

Since the x are not observ able, ln p

�

( x ) is replaced b y its conditional exp ectation giv en the

observ ed data y and the curren t �t of the parameter v alues �

( t )

. That is, complete-data log-

lik eliho o d v alues are constructed from a conditional exp ectation giv en the observ ed data of

the incomplete data problem and the curren t v alue of the unkno wn parameters (E-step). F rom

the th us man ufactured complete-data, maximization is simpler and often exists in closed form

(M-step). Starting from suitable initial parameter v alues, the E- and M-steps are iterated un til

con v ergence of the incomplete-data log-lik eliho o d L .

More formally , let k

�

( x j y ) = p

�

( x ) =g

�

( y ) b e the conditional probabilit y of x giv en y and

� , then

L ( �

0

) =

X

y 2Y

~p ( y ) ln g

�

0

( y )

=

X

y 2Y

~p ( y ) k

�

[ln g

�

0

( y )]

=

X

y 2Y

~p ( y )

X

x 2 X ( y )

k

�

( x j y ) ln

p

�

0

( y )

k

�

0

( x j y )

=

X

y 2Y

~p ( y )

X

x 2 X ( y )

k

�

( x j y ) ln p

�

0

( y ) �

X

y 2Y

~p ( y )

X

x 2 X ( y )

k

�

( x j y ) ln k

�

0

( x j y )

= ~p [ k

�

[ln p

�

0

]] � ~p [ k

�

[ln k

�

0

]]

= Q ( �

0

; � ) � H ( �

0

; � ) :

Q ( �

0

; � ) , the conditional exp ectation of the complete-data log-lik eliho o d function ln p

�

0

( x )

giv en y and � , then is used as an auxiliary function to construct an EM algorithm via a

mapping M : � ! � , where eac h iteration is de�ned b y �

( t +1)

= M ( �

( t )

) as follo ws:

E-step: Compute Q ( � ; �

( t )

) = ~p [ k

�

( t )

[ln p

�

]]

M-step: Cho ose �

( t +1)

to b e a v alue of � 2 � whic h maximizes Q ( � ; �

( t )

) .

That is, M is a p oin t-to-set map M ( �

( t )

) = arg max

� 2 �

Q ( � ; �

( t )

) . This use of Q as an auxiliary

function in the EM algorithm can b e justi�ed b y the fact that an iterativ e maximization of

Q guaran tees that the incomplete-data log-lik eliho o d function L is non-decreasing on eac h

iteration of an EM algorithm. This can easily b e sho wn with the inequalit y

L ( M ( � )) � L ( � ) = ( Q ( M ( � ); � ) � Q ( � ; � )) + ( H ( � ; � ) � H ( M ( � ); � )) � 0 ; for all � 2 � ;
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whic h follo ws from the p ositivit y of the di�erence b oth in the Q functions (b y de�nition of

M ) and in the H functions (b y Jensen's inequalit y (see Co v er and Thomas (1991))). That is,

w e ha v e the follo wing prop osition, due to Dempster, Laird, and Rubin (1977).

Prop osition 4.1 (Dempster et al. (1977), Theorem 1).

F or e ach EM algorithm, L ( M ( � )) � L ( � ) , for al l � 2 � .

Although Q is globally maximized in eac h M-step, the term H ma y hinder a straigh t

global maximization of L . As a general result for EM algorithms, W u (1983) sho ws that under

con tin uit y and di�eren tiabilit y conditions on L and Q , a sequence of EM iterates f L ( �

( t )

) g

b ounded from ab o v e con v erges monotonically to a critical p oin t of L .

Prop osition 4.2 (W u (1983), Theorem 2). F or c ontinuous Q , al l limit p oints of any in-

stanc e f �

( t )

g of an EM algorithm ar e critic al p oints of L , and for c ontinuous and di�er entiable

L , a se quenc e f L ( �

( t )

) g b ounde d fr om ab ove c onver ges monotonic al ly to L

�

= L ( �

�

) for some

critic al p oint �

�

of L .

T o summarize, the p opularit y of the EM algorithm is due to its easy computation b ecause

it relies only on complete-data computations: the E-step in v olv es complete-data conditional

exp ectations, and the M-step requires MLE from these completed data. Ev en if the algorithm

ma y con v erge slo wly , it conserv ativ ely increases the lik eliho o d function at eac h iteration and

in almost all cases con v erges to a lo cal maxim um of L . If a sequence of EM iterates is stuc k at

some critical p oin t whic h is not a lo cal or global maxim um of L , e.g., a saddle p oin t or ev en a

lo cal minim um, a small random p erturbation will help it to div erge from this critical p oin t. If

L has sev eral critical p oin ts, the con v ergence prop erties of an EM sequence will b e extremely

dep enden t on the c hoice of the starting v alue of the sequence of iterates.

4.3.2 P artial M-Steps: The GEM Algorithm

As discussed in the last section, one main feature of the EM algorithm is to pro vide a simpli�ed

M-step where MLE from complete data rather than from incomplete data is p erformed. In

some cases, ev en this maximization is complicated and do es not exist in closed form. An EM

algorithm in v olving suc h a complicated M-step w ould b e computationally unattractiv e. F or

suc h cases, Dempster, Laird, and Rubin (1977) de�ned a so-called generalized EM (GEM)

algorithm where the M-step is only partially computed, i.e, eac h M-step only increases the Q

function rather than globally maximizing it.

That is, for a GEM algorithm, �

( t +1)

is c hosen s.t.

Q ( �

( t +1)

; �

( t )

) � Q ( �

( t )

; �

( t )

) :

As sho wn b y Dempster, Laird, and Rubin (1977), this condition su�ces for increasing the

incomplete-data log-lik eliho o d at eac h in teration, i.e., Prop osition 4.1 also holds for eac h GEM
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algorithm. Ho w ev er, appropriate con v ergence of a GEM algorithm do es not follo w directly

without further sp eci�cation on the pro cess on increasing the Q function. F or eac h instance

of a GEM algorithm, one can either sho w the general con v ergence conditions for a GEM

algorithm as giv en b y W u (1983) to hold, or directly pro v e con v ergence of the sp eci�c GEM

instance in question. The latter approac h is pursued in Sect. 4.6.2 where w e explicitly sho w

con v ergence for a GEM algorithm for log-linear mo dels.

4.3.3 P artial E-steps and Maxim um Pseudo-Lik eliho o d Estimation

F or man y cases, a partial computation of the E-step is also useful. These are esp ecially cases

where the sample space X is to o large to b e summed o v er explicitly in the exp ectations to b e

calculated in the E-steps. The idea here is to replace the in tractable probabilit y function with

resp ect to whic h the exp ectation is tak en b y a probabilit y function whic h is more tractable.

This c hange in probabilit y functions results in a corresp onding c hange of the lik eliho o d func-

tion to a pseudo-lik eliho o d function whic h is no w de�ned with resp ect to the new tractable

distribution. Th us from a general optimization-theoretic p oin t of view EM with partial E-steps

is an example of maxim um pseudo-lik eliho o d estimation.

A theoretical justi�cation for maxim um pseudo-lik eliho o d estimation in the con text of

EM is giv en in Neal and Hin ton (1998) or Csiszár and T usnády (1984). In terms of Neal

and Hin ton (1998), the EM algorithm can b e seen as maximizing a join t function F of the

parameters and of the distributions o v er the unobserv ed data. Using an arbitrary distribution

q o v er the unobserv ed v ariables, F can b e obtained as a lo w er b ound on the incomplete-data

log-lik eliho o d function L as follo ws.

L ( � ) = ~p [ln

X

x 2 X ( y )

p

�

( x )]

= ~p [ln

X

x 2 X ( � )

q ( x )

p

�

( x )

q ( x )

]

� ~p [

X

x 2 X ( � )

q ( x ) ln

p

�

( x )

q ( x )

] , b y Jensen's inequalit y

= ~p [ q [ln p

�

]] � ~p [ q [ln q ]]

= F ( q ; � ) :

Pro vided that v alues of x are seen as ph ysical states and the energy of a state is � ln p

�

( x ) ,

the function F ( q ; � ) can b e seen as analogous to the negativ e of the �free energy� of statistical

ph ysics, i.e., the exp ected energy under q min us the en trop y of q . The EM algorithm can b e

in terpreted in this framew ork as alternating b et w een maximizing F as a function of q and � .

The E-step maximizes F with resp ect to q and holds � �xed; the M-step maximizes F with
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resp ect to � for �xed q .

E-step: Set q

( t +1)

to arg max

q

F ( q ; �

( t )

) .

M-step: Set �

( t +1)

to arg max

�

F ( q

( t +1)

; � ) .

Neal and Hin ton (1998) sho w that at a true join t maximization, these iterations are equiv-

alen t to the classical EM iterations de�ned in Sect. 4.3.1. That is, the maxim um in the E-

step is obtained b y taking q

( t +1)

( x ) = k

�

( t )

( x j y ) , and at this p oin t w e ha v e the equalit y

F ( q

( t +1)

; �

( t )

) = L ( �

( t )

) . The maxim um in the M-step is obtained b y maximizing the term

in F dep ending on � , whic h is in this case ~p [ k

�

( t )

[ln p

�

]] = Q ( � ; �

( t )

) . Since eac h suc h E-step

guaran tees that F = L , and since w e maximize Q ( � ; �

( t )

) in eac h M-step, w e are guaran teed

not to decrease L at eac h com bined EM step.

In a partial E-step, q

( t +1)

is set to a tractable appro ximation of k

�

( t )

( x j y ) , whic h yields

the inequalit y F ( q

( t +1)

; �

( t )

) � L ( �

( t )

) . In the corresp onding M-step, the term in F dep ending

on � is maximized. T ogether, these com bined EM steps guaran tee not to decrease the lo w er

b ound F on the incomplete-data log-lik eliho o d L at eac h iteration. Th us, for partial E-steps,

monotonicit y and con v ergence of the resulting algorithm ha v e to b e sho wn in terms of the

pseudo-lik eliho o d function F whic h b ounds the true lik eliho o d function L from b elo w.

4.4 An EM Example: Baum's Maximization T ec hnique

4.4.1 Basic Concepts

A sp ecial instance of the EM algorithm for MLE of hidden Mark o v mo dels, i.e., sto c hastic reg-

ular grammars, from incomplete data w as presen ted in Baum, P etrie, Soules, and W eiss (1970)

and Baum (1972). The form of this algorithm using dynamic programming tec hniques for ef-

�cien t computation is w ell-kno wn as the �forw ard-bac kw ard algorithm� (see Rabiner (1989)).

Most p opular approac hes to parameter estimation for probabilistic grammars are based up on

this tec hnique. Bak er (1979) generalized this algorithm to the so-called �inside-outside algo-

rithm�, whic h e�cien tly estimates the parameters of sto c hastic con text-free grammars (see

also Bo oth and Thompson (1973), Lari and Y oung (1990) and Jelinek, La�ert y , and Mercer

(1990)). This algorithm can successfully b e applied also to other sto c hastic grammars whic h

assume indep endence of their deriv ation units of eac h other. Suc h mo dels are, e.g, sto c hastic

dep endency grammars (Carroll and Charniak 1992) or sto c hastic lexicalised tree-adjoining

grammars (Resnik 1992; Sc hab es 1992). In the follo wing, w e will refer to the basic v ersion of

this algorithm as Baum's maximization tec hnique.

In the follo wing, w e will giv e a quic k review of the basic concepts of Baum's maximization

tec hnique. The probabilistic mo dels the algorithm is applied to can b e abstracted b y sto c hastic
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deriv ation mo dels whic h de�ne a deriv ation pro cess as a sto c hastic pro cess as follo ws: Mak e a

sto c hastic c hoice at eac h deriv ation step and assume the sto c hastic c hoices to b e indep enden t of

eac h other; calculate the probabilit y of a deriv ation as the join t probabilit y of the indep enden t

sto c hastic c hoices made, and the probabilit y of an input as the sum of the probabilities of its

deriv ations.

More formally , let � = ( �

ij

) 2 � b e the parameter v ector of the probabilistic pro cessing

mo del where �

ij

� 0 and

P

j

�

ij

= 1 . The v ariable i ranges o v er the t yp es of c hoices that

the sto c hastic pro cess mak es, and the v ariable j ranges o v er the alternativ es to c ho ose from

when a c hoice of t yp e i is made. F urthermore, let y denote an input of the probabilistic

pro cessing mo del, i.e., an observ ation sequence, and let x denote an output of the mo del,

i.e., an analysis, and let Y ( x ) = y b e the unique observ ation corresp onding to analysis x

and X ( y ) = f x j Y ( x ) = y g b e the set of analyses of observ ation y . Finally , let �

ij

( x ) b e the

n um b er of selections of alternativ e j for a c hoice of t yp e i in analysis x . The probabilit y of

an analysis is the join t probabilit y of the sto c hastic c hoices made in pro ducing it. Since these

sto c hastic c hoices are assumed to b e indep enden t of eac h other, the probabilit y of an analysis

is calculated as the pro duct of the probabilities of the sto c hastic c hoices made in pro ducing

it:

p

�

( x ) =

Y

ij

�

�

ij

( x )

ij

:

The probabilit y of an observ ation is the sum of the probabilities of its analyses:

g

�

( y ) =

X

x 2 X ( y )

p

�

( x ) :

F or a giv en random sample of observ ations, the purp ose of Baum's maximization tec hnique

is to �nd maxim um lik eliho o d parameter v alues for the incomplete-data lik eliho o d function L

where

L ( � ) =

Y

y 2Y

g

�

( y )

~p ( y )

:

The EM mapping M is instan tiated here to a particularily simple case. Let k

�

( x j y ) =

p

�

( x ) =g

�

( y ) , then

M ( �

ij

) =

~p [ N

ij

]

~p [

P

l

N

il

]

=

~p [ k

�

[ �

ij

]]

~p [

P

l

k

�

[ �

il

]]

:

In tuitiv ely , the estimated v alue of parameter �

ij

is obtained b y prorating N

ij

, the exp ected

n um b er of times c hoice ij is made during the deriv ation, b y

P

l

N

il

, the exp ected total n um b er
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of times a c hoice of t yp e i is made during the deriv ation, for all observ ations y . Baum, P etrie,

Soules, and W eiss (1970) sho w ed that this algorithm is hill-clim bing, i.e., L ( M ( � )) � L ( � ) for

all � 2 � , and that the incomplete-data lik eliho o d L ev en tually con v erges to a critical p oin t,

i.e., to a lo cal maxim um.

4.4.2 Baum's Maximization T ec hnique and Con text-Dep endence in CLP

The in tuitiv e app eal and the e�cien t computabilit y of Baum's maximization tec hnique has led

to a m ultiplicit y of applications of this tec hnique to v arious grammar framew orks. Recen tly ,

an attempt to apply this tec hnique to a probabilistic v ersion of the constrain t-based formal-

ism CUF, whic h is an instance of the CLP sc heme of Höhfeld and Smolk a (1988), has b een

presen ted b y Eisele (1994). As recognized b y Eisele (1994), there is a con text-dep endence

problem asso ciated with applying this tec hnique to suc h constrain t-based systems. In CLP

terms, the problem is that incompatible v ariable bindings can lead to failure deriv ations,

whic h cause a loss of probabilit y mass in the estimated probabilit y distribution o v er deriv a-

tions. A similar problem app ears in ev ery constrain t-based system whic h constrains deriv ations

b y restrictions dep enden t of the con text of the deriv ation. Approac hes em b edding Baum's

maximization tec hnique in to estimation pro cedures for con text-sensitiv e constrain t-based sys-

tems ha v e b een presen ted, e.g., b y Brisco e and W aegner (1992), Brisco e and Carroll (1993),

Brew (1995), Miy ata (1996), Osb orne and Brisco e (1997) or Bo d and Kaplan (1998). F rom

an optimization-theoretic p oin t of view, all suc h constrain t-based approac hes con tradict the

inheren t assumptions of Baum's maximization tec hnique whic h require that the deriv ation

steps are m utually indep enden t and th us the set of licensed deriv ations is unconstrained.

This problem of con text-dep endence is discussed in detail in Abney (1997) in connection

with the so-called Empirical Relativ e F requency (ERF) estimation metho d, whic h can b e seen

a complete-data v ersion of Baum's estimation tec hnique. He sho ws that applying this metho d

to con text-sensitiv e sto c hastic attribute-v alue grammars do es not generally yield maxim um-

lik eliho o d estimates.

In the follo wing, this general argumen t shall b e illustrated with a simple CLP example.

Let us apply the sto c hastic deriv ation mo del of Sect. 4.4 to a simple con text-sensitiv e con-

strain t logic program (see Fig. 4.1). The sto c hastic c hoices of the abstract mo del corresp ond

to application probabilities of de�nite clauses in the generalized SLD-resolution pro cedure;

the alternativ es to c ho ose from when an atom is selected in goal reduction are the di�eren t

clauses de�ning the selected atom. T o indicate a probabilistic parameter �

ij

, eac h clause will

b e annotated b y a n um b er ij .

The relational atom s ( Z ) is de�ned uniquely in clause 11 . The atoms p ( Z ) and q ( Z ) eac h

are de�ned in t w o di�eren t w a ys, whic h for the sak e of the example are considered to b e

incompatible. This incompatibilit y together with the v ariable sharing in the b o dy of clause 11
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11 s ( Z )  p ( Z ) & q ( Z ) :

21 p ( Z )  Z = a:

22 p ( Z )  Z = b:

31 q ( Z )  Z = a:

32 q ( Z )  Z = b:

Figure 4.1: Constrain t logic program

in tro duces con text-dep endence in to the program. F or a selection of atom p ( Z ) one can c ho ose

b et w een clauses 21 and 22 in a goal reduction step, whereas for a c hoice of atom q ( Z ) the

alternativ es to c ho ose from are clauses 31 and 32 .

Supp ose w e ha v e a training corpus of three queries, consisting of t w o tok ens of query

y

1

: s ( Z ) & Z = a and one tok en of query y

2

: s ( Z ) & Z = b . Eac h query gets a unique pro of

tree from the program of Fig. 4.1, i.e., a query of t yp e y

1

gets a pro of tree of t yp e x

1

, and a

query of t yp e y

2

gets one of t yp e x

2

(see Fig. 4.2). Note that in the pro of trees of Fig. 4.2 goal

reduction and constrain t solving are applied in one step.

x

1

:

31 , Z = a

r ; c

21 , q ( Z ) & Z = a

r ; c

11 , p ( Z ) & q ( Z ) & Z = a

r ; c

s ( Z ) & Z = a

x

2

:

32 , Z = b

r ; c

22 , q ( Z ) & Z = b

r ; c

11 , p ( Z ) & q ( Z ) & Z = b

r ; c

s ( Z ) & Z = b

Figure 4.2: Pro of trees from constrain t logic program

F or parameter estimation according to Baum's metho d, w e m ust calculate conditional

probabilities k ( x j y ) for x 2 X ( y ) . These probabilities will b e 1 in eac h case, since there is a

unique pro of tree for eac h query . Th us for the calculation of ~p [ N

ij

] = ~p [ k

�

[ �

ij

]] , the exp ected

n um b er of o ccurences of clauses in pro of trees, w e simply ha v e to coun t and can ignore the

resp ectiv e probabilities of the pro of trees. As in an application of the complete-data ERF

metho d, for this case Baum's algorithm will giv e unique parameter estimates ^�

ij

=

~p [ N

ij

]

~p [

P

l

N

il

]
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y 2 Y x 2 X ( y ) ~p ( y ) k ( x j y ) N

11

N

21

N

22

N

31

N

32

y

1

x

1

2/3 1 1 � 1 1 � 1 1 � 0 1 � 1 1 � 0

y

2

x

2

1/3 1 1 � 1 1 � 0 1 � 1 1 � 0 1 � 1

~p [ N

ij

] = 3/3 2/3 1/3 2/3 1/3

~p [

P

l

N

il

] = 3/3 3/3 3/3 3/3 3/3

^�

ij

= 1 2/3 1/3 2/3 1/3

T able 4.1: Estimation using Baum's maximization tec hnique

in one step (see T able 4.1).

If w e consider the calculation of the probabilit y distribution o v er the pro of trees of suc h

a probabilistic CLP mo del, w e see that w e cannot simply calculate a pro duct for eac h pro of

tree. Instead, w e ha v e to in tro duce a normalization constan t in order to ensure the sum o v er

the sample space of pro of trees to b e 1. F or the program of Fig. 4.1, this partition function

is tak en as the sum of the unnormalized probabilities of the pro of trees under the estimated

mo del: p

^�

( x

1

) + p

^�

( x

2

) = (1 � 2 = 3 � 2 = 3) + (1 � 1 = 3 � 1 = 3) = 4 = 9 + 1 = 9 = 5 = 9 . The normal-

ized probabilit y distribution o v er pro of trees then is: p

0

^�

( x

1

) = (4 = 9) = (5 = 9) = 4 = 5 ; p

0

^�

( x

2

) =

(1 = 9) = (5 = 9) = 1 = 5 . The lik eliho o d L

0

of our training corpus under the normalized distribu-

tion is: L

0

= (4 = 5)

2

� 1 = 5 = : 128 . Ho w ev er, note that there is no analytical solution to the

problem of �nding parameter v alues �

0

for the clauses of the program of Fig. 4.1 whic h de-

�ne p

0

as a probabilistic con text-free mo del on the pro of trees of Fig. 4.2. Rather, what has

happ ened here is that w e implicitly mo v ed to another family of probabilit y distributions b y

in tro ducing the normalization constan t in to p

0

. This new family of probabilit y distributions

ob viously no longer requires the parameter v alues to sum up to 1 for iden tical left-hand sides

of rules, but in tro duces a normalization constan t instead in order to guaran tee the function to

b e a probabilit y function. W e will ac kno wledge this family of probabilit y distributions as log-

linear distributions in the next section. Clearly , w e can easily �nd parameters of a log-linear

mo del whic h assigns a higher lik eliho o d to this sample. W e could tak e for example a param-

eterization �

00

whic h assigns �

00

21

= 2 and �

00

ij

= 1 forall ij 6= 21 . This yields a normalized

probabilit y distribution o v er the pro of trees with p

00

�

00

( x

1

) = 2 = 3 , p

0 0

�

0 0

( x

2

) = 1 = 3 and lik eliho o d

L

00

= (2 = 3)

2

� 1 = 3 = : 148 : The fact that L

00

> L

0

clearly con tradicts the assumption that

the parameter estimates ^� giv en b y applying Baum's estimation tec hnique to a normalized

con text-free probabilit y mo del yield the desired maxim um lik eliho o d v alues.

4.5 A Log-Linear Probabilit y Mo del for CLP

As sho wn in the last section, w e cannot simply apply a sto c hastic con text-free deriv ation

mo del to CLP but ha v e to go to more expressiv e probabilit y mo dels. In fact, w e implicitly



72 Chapter 4. Probabilistic CLP

already ha v e made this mo v e in the ab o v e example b y in tro ducing a partition function in to the

probabilistic con text-free mo del. W e will sho w in the follo wing that ac kno wledging this mo del

as a log-linear mo del not only op ens the p ossibilit y to �nd new consisten t maxim um lik eliho o d

estimators but also enables a more �exible parameterization of the probabilit y mo dels.

4.5.1 Motiv ation

Log-linear mo dels are widely used in probabilistic mo delling but come with di�eren t names

in di�eren t applications. The name log-linear is standardly used in con tingency table anal-

ysis (see, e.g, Knok e and Burk e (1980)). The mo del itself originated under the name of the

Gibbs- or Boltzmann-distribution in statistical ph ysics as a �exible probabilit y mo del of equi-

librium states of ph ysical systems. Ja ynes (1957) in terpreted suc h equilibrium mo dels in a

more abstract framew ork and coined the name maxim um-en trop y mo del. Log-linear mo dels

ha v e b een applied successfully in the area of image pro cessing, where they are kno wn under

the name of random �elds (see Geman and Geman (1984)). These sp ecial log-linear mo d-

els are closely related to other probabilistic net w ork mo dels suc h as Boltzmann mac hines

(see A c kley , Hin ton, and Sejno wski (1985)) or Ba y esian net w orks (see F rey (1998)). Log-

linear mo dels ha v e b een used with e�ort also in v arious NLP applications. T o name only

a few, these applications include probabilistic grammar mo dels (Mark, Miller, Grenander,

and Abney 1992; Abney 1997), w ord sp ellings (Della Pietra, Della Pietra, and La�ert y 1997),

mac hine translation (Berger, Della Pietra, and Della Pietra 1996), language mo delling (Rosen-

feld 1996), prep ositional phrase attac hmen t (Ratnaparkhi and Rouk os 1994), part-of-sp eec h

tagging (Ratnaparkhi 1996), history-based parsing (Ratnaparkhi 1997), lexical correlations

(Beeferman, Berger, and La�ert y 1997a) text segmen tation (Beeferman, Berger, and La�ert y

1997b), and text classi�cation (Nigam, La�ert y , and McCallum 1999).

The p opularit y of log-linear mo dels is clearly due to the great expressiv e p o w er they

pro vide with v ery simple means. That is, log-linear mo dels can b e seen as an exp onential

family of probabilit y distributions where the probabilit y of a datum is simply de�ned as b eing

prop ortional to the pro duct of w eigh ts assigned to selected prop erties of the datum. Let ( �

i

)

b e a v ector of w eigh ts and �

i

( ! ) the n um b er of times prop ert y i app ears in datum ! , for all

i = 1 ; : : : ; n , then

p ( ! ) /

n

Y

i =1

�

�

i

( ! )

i

:

A log-linear form is obtained from this simply b y replacing prop ortionalit y b y a constan t

C = Z

� 1

and parameters �

i

b y log-parameters �

i

= ln �

i

, for all i = 1 ; : : : ; n , i.e., taking the

logarithm of this probabilit y function yields a linear com bination of parameters and prop erties
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and a constan t.

p ( ! ) = C

Y

n

i =1

�

�

i

( ! )

i

= Z

� 1

Y

n

i =1

�

�

i

( ! )

i

= Z

� 1

Y

n

i =1

e

�

i

�

i

( ! )

= Z

� 1

e

P

n

i =1

�

i

�

i

( ! )

:

A more general form of log-linear mo dels is obtained b y including a �xed initial or ref-

erence distribution p

0

in to the mo del suc h that p ( ! ) = Z

� 1

e

P

n

i =1

�

i

�

i

( ! )

p

0

( ! ) and Z =

P

!

e

P

i

�

i

�

i

( ! )

p

0

( ! ) .

Clearly , the main adv an tage of log-linear mo dels is their great �exibilit y , whic h includes

the normalized mo dels used in Sect. 4.4.2 and ev en probabilistic con text-free mo dels as sp ecial

cases (the normalization constan t has v alue 1 in this case). Ho w ev er, considering CLP , with

log-linear mo dels w e are free to select as prop erties arbitrary features of pro of trees rather

than b eing restricted to clauses only . F or example, w e could tak e subtrees of pro of trees as

prop erties. This p ossibilit y to com bine arbitrary clauses to prop erties allo ws us to mo del arbi-

trary con text-dep endencies in pro of trees. Clearly , linguistically there is no particular reason

for assuming rules or clauses as the b est prop erties to use in a probabilistic grammar. As w e

will see in Sect. 4.7, more abstract prop erties referring to grammatical functions, attac hmen t

preferences, or other general features of constrain t-based parses can b e emplo y ed successfully

to probabilistic CLGs. F urthermore, the log-parameters corresp onding to these prop erties are

not required to constitute a probablit y distribution o v er clauses de�ning the same predicate,

i.e., the parameters do not ha v e to sum to 1 for clauses de�ning the same predicate. That is,

log-linear mo dels allo w us to de�ne a probabilit y distribution o v er pro of trees directly rather

than indirectly as a join t probabilit y of clause applications as in the con text-free mo dels ab o v e.

Let us illustrate this with the simple CLP example of Sect. 4.4.2. A training corpus con-

sisting of t w o tok ens of query y

1

: s ( Z ) & Z = a and one tok en of query y

2

: s ( Z ) & Z = b

together with the corresp onding pro of trees generated b y the program of Fig. 4.1 is depicted

in Fig. 4.3. Note that for ease of readabilit y , w e will omit in the follo wing �gures the lab elings

of no des and edges of pro of trees.

T o capture the statistics of the training sample of Fig. 4.3, it is su�cien t to de�ne a single

prop ert y whic h is able to di�eren tiate b et w een the pro of tree t yp es. Suc h a prop ert y could b e,

for example, the terminal no de Z = a of pro of tree x

1

. Setting the v alue of the corresp onding

parameter of this single-parameter mo del to ln 2 will yield the desired probabilit y distribution

p ( x

1

) = 2 = 3 ; p ( x

2

) = 1 = 3 with incomplete-data log-lik eliho o d L = : 148 .

Another w a y to understand log-linear mo dels is as maximum-entr opy mo dels . F rom this

viewp oin t w e do statistical inference and, b elieving that en trop y is the unique consisten t

measure of the amoun t of uncertain t y represen ted b y a probabilit y distribution, w e ob ey the
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2 � y

1

: 1 � y

2

:

Z = a

q ( Z ) & Z = a

p ( Z ) & q ( Z ) & Z = a

s ( Z ) & Z = a

Z = b

q ( Z ) & Z = b

p ( Z ) & q ( Z ) & Z = b

s ( Z ) & Z = b

Figure 4.3: Queries and pro of trees for constrain t logic program

follo wing principle:

In making inferences on the basis of partial information w e m ust use that probabil-

it y distribution whic h has maxim um en trop y sub ject to whatev er is kno wn. This

is the only un biased assignmen t w e can mak e; to use an y other w ould amoun t to

arbitrary assumption of information whic h b y h yp othesis w e do not ha v e. (Ja ynes

1957)

More formally , supp ose a random v ariable X can tak e on v alues x

k

; k = 1 ; : : : ; m and w e

w an t to estimate the corresp onding probabilities p

k

; k = 1 ; : : : ; m . All w e ha v e are ex-

p ectations of functions f

i

( X ) ; i = 1 ; : : : ; n . Let these exp ectations b e de�ned with resp ect

to a giv en empirical distribution ~p

k

; k = 1 ; : : : ; m on complete data x

k

; k = 1 ; : : : ; m s.t.

P

m

k =1

p

k

f

i

( x

k

) =

P

m

k =1

~p

k

f

i

( x

k

) ; i = 1 ; : : : ; n . Then the maxim um-en trop y principle can b e

stated as follo ws.

Maximize the en trop y H ( p ) = �

P

m

k =1

p

k

ln p

k

sub ject to the constrain ts

P

m

k =1

p

k

f

i

( x

k

) =

P

m

k =1

~p

k

f

i

( x

k

) ; i = 1 ; : : : ; n and

P

m

k =1

p

k

= 1 .

F or all p

k

; k = 1 ; : : : ; m whic h solv e the ab o v e problem, w e get the follo wing parametric

solution:

p

k

=

e

P

n

i =1

�

i

f

i

( x

k

)

P

m

k =1

e

P

n

i =1

�

i

f

i

( x

k

)

F ollo wing Ja ynes (1957), this result can b e deriv ed directly from a constrained optimization

argumen t where the parameters are view ed as Lagrange m ultipliers. That is, b y applying

the standard tec hnique of Lagrange m ultipliers (see, e.g., Thomas and Finney (1996)) to
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the constrained optimization problem stated in the maxim um-en trop y principle, the ab o v e

parametric probabilit y mo del can b e deriv ed b y solving this constrained optimization problem

with resp ect to the probabilities p

k

. Let � denote the Lagrangian de�ned b y

�( p; � ) =

m

X

k =1

( p

k

ln p

k

) � ( �

0

+ 1)(

m

X

k =1

p

k

� 1)

� �

1

(

m

X

k =1

p

k

f

1

( x

k

) +

m

X

k =1

~p

k

f

1

( x

k

))

.

.

.

� �

n

(

m

X

k =1

p

k

f

n

( x

k

) +

m

X

k =1

~p

k

f

n

( x

k

)) :

Then the �rst partial deriv ativ e of � with resp ect to the p

k

is

@

@ p

k

� = (ln p

k

+ 1) � ( �

0

+ 1) � �

1

f

1

( x

k

) � � � � � �

n

f

n

( x

k

) :

No w set

@

@ p

k

� = 0 ;

then

p

k

= e

�

0

+

P

n

i =1

�

i

f

i

( x

k

)

:

Since the sum of all probabilities p

k

has to b e 1, w e ha v e

1 =

m

X

k =1

p

k

= e

�

0

m

X

k =1

e

P

n

i =1

�

i

f

i

( x

k

)

:

If w e de�ne a partition function Z as

Z =

m

X

k =1

e

P

n

i =1

�

i

f

i

( x

k

)

;

then

�

0

= ln Z

� 1

and the maxim um-en trop y distribution is

p

k

= Z

� 1

e

P

n

i =1

�

i

f

i

( x

k

)

=

e

P

n

i =1

�

i

f

i

( x

k

)

P

m

k =1

e

P

n

i =1

�

i

f

i

( x

k

)

:

T o sum up, the parametric form of maxim um-en trop y probabilit y mo dels can b e deriv ed b y

solving a constrained optimization problem with resp ect to the probabilities p

k

; k = 1 ; : : : ; m .
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The remaining problem, namely solving this constrained maxim um-en trop y problem with

resp ect to the parameters �

i

; i = 1 ; : : : ; n , can b e sho wn to b e equiv alen t to solving a maxim um

lik eliho o d problem for log-linear mo dels. This dualit y can b e stated as follo ws (see Berger, Della

Pietra, and Della Pietra (1996)). The complete-data log-lik eliho o d L

c

of a random sample from

a log-linear mo del p

�

on X , with empirical probabilit y ~p ( x

k

) of the v alues x

k

; k = 1 ; : : : ; m is

de�ned as

L

c

( � ) = ln

m

Y

k =1

p

�

( x

k

)

~p ( x

k

)

=

m

X

k =1

~p ( x

k

) ln p

�

( x

k

)

This function is equiv alen t to the Lagrangian � instan tiated to the parametric mo del p

�

:

�( p

�

; � ) =

m

X

k =1

Z

� 1

�

e

� � f ( x

k

)

ln ( Z

� 1

�

e

� � f ( x

k

)

)

�

n

X

i =1

�

i

m

X

k =1

Z

� 1

�

e

� � f ( x

k

)

f

i

( x

k

)

+

n

X

i =1

�

i

m

X

k =1

~p ( x

k

) f

i

( x

k

)

= � ln Z

�

+ p

�

[ � � f ] � p

�

[ � � f ] + ~p [ � � f ]

= � ln Z

�

+ ~p [ � � f ] :

L

c

( � ) = ln

m

Y

k =1

p

�

( x

k

)

~p ( x

k

)

=

m

X

k =1

~p ( x

k

) ln( Z

� 1

�

e

� � f ( x

k

)

)

= � ln Z

�

+ ~p [ � � f ] :

Th us, the v alues �

�

that solv e the constrained maxim um-en trop y problem with resp ect to

the parameters �

i

; i = 1 ; : : : ; n are equiv alen tly a solution to the complete-data maxim um

lik eliho o d problem for the log-linear mo del p

�

.

The more general mo del whic h includes an initial or reference distribution p

0

is deriv ed in

a similar w a y as the unique parametric probabilit y distribution p that minimizes the Kullbac k

Leibler (KL) distance D ( p jj p

0

) b et w een p and a giv en reference distribution p

0

, sub ject to

certain constrain ts. That is, the generalized log-linear mo del

p

�

( ! ) =

e

� � � ( ! )

p

0

( ! )

P

! 2 


e

� � � ( !

) p

0

( ! )

is the parametric solution to the follo wing constrain t optimization problem:
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Minimize D ( p jj p

0

) =

P

! 2 


p ( ! ) ln

p ( ! )

p

0

( ! )

sub ject to the constrain ts

p [ f

i

] = ~p [ f

i

] ; i = 1 ; : : : ; n and

P

! 2 


p ( ! ) = 1 .

F or uniformly distributed p

0

( ! ) , the KL distance D ( p jj p

0

) is the negativ e of the en trop y H ( p ) ,

min us a constan t not in v olving � :

D ( p jj p

0

) =

X

! 2 


p ( ! ) ln p ( ! ) � ln p

0

( ! ) = � H ( p ) � K :

In this case, minimizing the KL distance sub ject to certain constrain ts is equiv alen t to max-

imizing the en trop y sub ject to these constrain ts. F urthermore, a connection to a maxim um

lik eliho o d problem can b e established for the KL distance miminization problem in a similar

w a y as for the maxim um en trop y problem.

4.5.2 The F orm of Log-Linear Mo dels

Log-linear probabilit y distributions de�ne the probabilit y of a datum simply as prop ortional

to w eigh ts assigned to selected prop erties of the datum. F ormally , the parametric family of

suc h distributions is de�ned as follo ws.

De�nition 4.1 (Log-linear distribution). A lo g-line ar pr ob ability distribution p

� � �

on a

set 
 is de�ne d s.t. for al l ! 2 
 :

p

� � �

( ! ) = Z

� � �

� 1

e

� � � ( ! )

p

0

( ! ) ;

Z

� � �

=

P

! 2 


e

� � � ( ! )

p

0

( ! ) is a normalizing c onstant,

� = ( �

1

; : : : ; �

n

) is a ve ctor of lo g-p ar ameters s.t. � 2 I R

n

,

� = ( �

1

; : : : ; �

n

) is a ve ctor of pr op erties,

� = ( �

1

; : : : ; �

n

) is a ve ctor of pr op erty-functions s.t. for e ach �

i

: 
 ! I N , �

i

( ! ) is the

numb er of o c cur enc es of pr op erty �

i

in ! ,

� � � ( ! ) is a weighte d pr op erty-function s.t. � � � ( ! ) =

P

n

i =1

�

i

�

i

( ! ) ,

p

0

is a �xe d initial distribution.

F or the follo wing discussion, it will b e con v enien t to in tro duce some further notation.

Prop erties will b e referred to for most purp oses b y v ectors � of prop ert y functions rather than

b y explicit v ectors � of prop erties. Sligh tly abusing terminology , w e will call prop erties b oth

� and � .

As in De�nition 4.1, a log-linear probabilit y distribution dep ending on prop ert y v ector �

and parameter v ector � will b e written in subscript notation as p

� � �

. In case the prop ert y
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v ector is �xed and clear from the con text, the mo del (resp. the normalization constan t) will

b e written p

�

(resp. Z

�

) to indicate the dep endence on the parameter v ector � .

F urthermore, it will b e con v enien t to ha v e a recursiv e de�nition of log-linear mo dels based

on w eigh ted prop ert y-functions whic h are extended b y additional prop erties and corresp onding

parameters.

Prop osition 4.3. F or e ach weighte d pr op erty-funtion � ( ! ) = � � � ( ! ) ,  ( ! ) = 
 � � ( ! ) let

(  + � )( ! ) =  ( ! ) + � ( ! ) b e an extende d pr op erty-function. Then

p

 + �

( ! ) = Z

 � �

� 1

e

 ( ! )

p

�

( ! ) wher e Z

 � �

= p

�

[ e

 

] :

Pr o of.

p

 + �

( ! ) = Z

 + �

� 1

e

 + � ( ! )

p

0

( ! )

= (

X

! 2 


e

 ( ! )+ � ( ! )

p

0

( ! ))

� 1

e

 ( ! )+ � ( ! )

p

0

( ! )

= (

X

! 2 


e

 ( ! )

e

� ( ! )

p

0

( ! ) Z

�

Z

�

� 1

)

� 1

e

 ( ! )

e

� ( ! )

p

0

( ! )

= Z

�

� 1

(

X

! 2 


e

 ( ! )

p

�

( ! ))

� 1

e

 ( ! )

e

� ( ! )

p

0

( ! )

= (

X

! 2 


e

 ( ! )

p

�

( ! ))

� 1

e

 ( ! )

p

�

( ! )

= Z

 � �

� 1

e

 ( ! )

p

�

( ! ) :

F or an extended mo del with w eigh ted prop ert y functions � ( ! ) = � � � ( ! ) and  ( ! ) = 
 � � ( ! ) ,

written p


 + �

, w e ha v e accordingly

p


 + �

( ! ) = Z

� 1


 + �

e


 � � ( ! )+ � � � ( ! )

p

0

( ! )

= (

X

! 2 


e

( 
 + � ) � � ( ! )

p

0

( ! ))

� 1

e

( 
 + � ) � � ( ! )

p

0

( ! )

= (

X

! 2 


e


 � � ( ! )

p

� � �

( ! ))

� 1

e


 � � ( ! )

p

� � �

( ! )

= Z


 � �

� 1

e


 � � ( ! )

p

� � �

( ! ) :

4.6 Statistical Inference for Log-Linear Mo dels from Incom-

plete Data

In the last t w o sections w e argued that a solution to the con text-dep endence problem in

probabilistic CLP requires probabilit y mo dels whic h are more expressiv e than con text-free

and prop osed log-linear mo dels for this purp ose. The price w e ha v e to pa y for this gain in
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log-lik eliho o d auxiliary function

complete data

@ L

c

( � )

@ �

i

= ~p [ �

i

] � p

�

[ �

i

]

@ A

c

( 
 ; � )

@ 


i

= ~p [ �

i

] � p

�

[ �

i

e




i

�

#

]

incomplete data

@ L ( � )

@ �

i

= ~p [ k

�

[ �

i

] � p

�

[ �

i

]]

@ Q ( � ; �

0

)

@ �

i

= ~p [ k

�

0

[ �

i

] � p

�

[ �

i

]]

T able 4.2: P artial deriv ativ es of ob jectiv e functions for MLE of log-linear mo dels

expressivit y clearly is a gain in complexit y of parameter estimation. F urthermore, the gain

in �exibilit y due to prop ert y selection is an additional complexit y factor whic h calls for an

automatic solution. F ortunately , Della Pietra, Della Pietra, and La�ert y (1997) ha v e presen ted

a statistical inference algorithm for com bined prop ert y selection and parameter estimation for

log-linear mo dels. Abney (1997) has sho wn the applicabilit y of this algorithm to sto c hastic

attribute-v alue grammars, whic h can b e seen as a sp ecial case of con text-sensitiv e CLGs.

This algorithm, ho w ev er, applies only to complete data. Unfortunately , the need to rely on

large training samples of complete data is a problem if suc h data are di�cult to gather. F or

example, in natural language parsing applications, complete data means sev eral p erson-y ears of

hand-annotating large corp ora with detailed analyses of sp ecialized grammar framew orks. This

is alw a ys a lab or-in tensiv e and error-prone task, whic h additionally is restricted to the sp eci�c

grammar framew ork, the sp eci�c language, and the sp eci�c language domain in question.

Clearly , for suc h applications automatic and reusable tec hniques for statistical inference from

incomplete data are desirable.

In the follo wing, w e presen t a v ersion of the statistical inference algorithm of Della Pietra,

Della Pietra, and La�ert y (1997) esp ecially designed for incomplete data problems. W e presen t

a parameter estimation tec hnique for log-linear mo dels from incomplete data (Sect. 4.6.2)

and a prop ert y selection pro cedure from incomplete data (Sect. 4.6.3). These algorithms are

com bined in to a statistical inference algorithm for log-linear mo dels from incomplete data

(Sect. 4.6.4). Empirical results on exp erimen ting with these algorithms on a small scale are

presen ted in Sect. 4.7.

This section is based on w ork presen ted in shortened form in Riezler (1998a).

4.6.1 Motiv ation

Wh y is incomplete-data estimation for log-linear mo dels di�cult? The answ er is b ecause

complete-data estimation for suc h mo dels is di�cult, to o. Let us ha v e a lo ok at the �rst partial

deriv ativ es of some ob jectiv e functions whic h are considered in MLE of log-linear mo dels from

complete and incomplete data (see T able 4.6.1). The system of equations to b e solv ed at the

p oin ts where the �rst partial deriv ativ es of the complete data log-lik eliho o d function L

c

are
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zero, i.e., at the critical p oin ts of L

c

, is

X

x 2X

Z

� 1

�

e

� � � ( x )

�

i

( x ) =

X

x 2X

~p ( x ) �

i

( x ) for all i = 1 ; : : : ; n:

Clearly , b ecause of the dep endence of b oth Z

�

and e

� � � ( x )

on � this system of equations cannot

b e solv ed co ordinate-wise in �

i

. This problem is ev en more sev ere for the case of incomplete-

data estimation. The incomplete-data log-lik eliho o d L has its critical p oin ts at the solution of

the follo wing system of equations in �

i

:

X

y 2Y

~p ( y )

X

x 2X

Z

� 1

�

e

� � � ( x )

�

i

( x ) =

X

y 2Y

~p ( y )

X

x 2 X ( y )

k

�

( x j y ) �

i

( x ) for all i = 1 ; : : : ; n:

Here additionally a dep endence of k

�

( x j y ) on � has to b e resp ected. Ho w ev er, an application

of the standard EM theory to incomplete-data estimation of log-linear mo dels only partially

solv es the problem. The equations to b e solv ed to �nd the critical p oin ts of the auxiliary

function Q ( � ; �

0

) for a log-linear mo del dep ending on � are

X

y 2Y

~p ( y )

X

x 2X

Z

� 1

�

e

� � � ( x )

�

i

( x ) =

X

y 2Y

~p ( y )

X

x 2 X ( y )

k

�

0

( x j y ) �

i

( x ) for all i = 1 ; : : : ; n:

Here k

�

0

( x j y ) dep ends on �

0

instead of � . Ho w ev er, the dep endency of Z

�

and e

� � � ( x )

on � still

remains a problem.

Solutions for the system of equations can b e found, e.g., b y applying general-purp ose n u-

merical optimization metho ds (see Fletc her (1987)) to the problem in question. F or the smo oth

and strictly conca v e complete-data log-lik eliho o d L

c

, e.g., a conjugate gradien t approac h could

b e used. Ho w ev er, optimization metho ds sp eci�cally tailord to the problem of MLE from com-

plete data for log-linear mo dels ha v e b een presen ted b y Darro c h and Ratcli� (1972) and Della

Pietra, Della Pietra, and La�ert y (1997). The �impro v ed iterativ e scaling� algorithm of Della

Pietra, Della Pietra, and La�ert y (1997) itself is an extension of the �generalized iterativ e scal-

ing� algorithm of Darro c h and Ratcli� (1972). In the �rst algorithm prop erties are required

to sum up to a constan t indep enden t of the complete data, i.e., �

#

=

P

n

i =1

�

i

( x ) = K for all

x 2 X , whereas in the latter algorithm �

#

is allo w ed to v ary as a function of x . This prop-

ert y of �generalized iterativ e scaling� is claimed to impro v e the con v ergence rate b y increasing

the step size tak en to w ard the maxim um at eac h iteration. Both iterativ e scaling algorithms

iterativ ely maximize an auxiliary function A

c

( 
 ; � ) whic h is de�ned as a lo w er b ound on the

di�erence L

c

( 
 + � ) � L

c

( � ) in complete-data log-lik eliho o d when going from a basic mo del

p

�

to an extended mo del p


 + �

. The function A

c

( 
 ; � ) is maximized as a function of 
 for �xed

� whic h mak es it p ossible to solv e the follo wing equation co ordinate-wise in 


i

; i = 1 ; : : : ; n :

X

x 2X

p

�

( x ) �

i

( x ) e




i

�

#

( x )

=

X

x 2X

~p ( x ) �

i

( x ) for all i = 1 ; : : : ; n:

A closed form solution for 


i

is giv en for constan t �

#

; otherwise simple n umerical metho ds

suc h as Newton's metho d can b e used to solv e for the 


i

. It is sho wn in Della Pietra, Della
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Pietra, and La�ert y (1997) and Darro c h and Ratcli� (1972) that iterativ ely replacing �

( t +1)

b y �

( t )

+ 


( t )

conserv ativ ely increases L

c

and suc h a sequence of lik eliho o d v alues ev en tually

con v erges to the the global maxim um of the strictly conca v e function L

c

.

F or the case of incomplete-data estimation things are more complicated. Since the

incomplete-data log-lik eliho o d function L is not strictly conca v e, general-purp ose n umerical

metho ds suc h as conjugate gradien t cannot b e applied. Ho w ev er, suc h metho ds can b e applied

to the auxiliary function Q as de�ned b y a standard EM algorithm for log-linear mo dels.

Alternativ ely , iterativ e scaling metho ds can b e used to p erform maximization of the auxiliary

function Q of the EM algorithm. Both approac hes result in a doubly iterativ e algorithm where

an iterativ e algorithm for the M-step is in terw ea v ed in the iterativ e EM algorithm. Clearly ,

this is computationally burdensome and should b e a v oided.

The aim of this c hapter is exactly to a v oid suc h doubly iterativ e algorithms. The idea of

our approac h is to in terlea v e the auxiliary functions Q of the EM algorithm and A

c

of iterativ e

scaling in order to de�ne a singly-iterativ e incomplete-data estimation algorithm using a new

com bined auxiliary function. Similar to the case of iterativ e scaling for complete data, the

new auxiliary function will b e de�ned as a lo w er b ound on the impro v emen t in log-lik eliho o d.

This allo ws for an in tuitiv e and elegan t pro of of con v ergence of the new algorithm. Our pro ofs

are completely self-con tained and do not rely on the con v ergence of alternating minimization

pro cedures for maxim um-en trop y mo dels as presen ted b y Csiszár (1975) or Csiszár (1989)

or on the regularit y conditions for generalized EM algorithms as presen ted b y W u (1983) or

Meng and Rubin (1993). The relation of our algorithm to generalized EM estimation and

maxim um-en trop y estimation is discussed in Sects. 4.6.2.2 and 4.6.2.3.

4.6.2 P arameter Estimation

4.6.2.1 General Theory

Let us start with a problem de�nition. Applying the incomplete-data framew ork de�ned in

Sect. 4.3.1 to a log-linear probabilit y mo del for CLP , w e can assume the follo wing to b e giv en:

� observ ed, incomplete data y 2 Y , corresp onding to a �nite sample of queries for a

constrain t logic program P ,

� unobserv ed, complete data x 2 X , corresp onding to the coun tably in�nite sample of

pro of trees for queries Y from P ,

� a man y-to-one function Y : X ! Y s.t. Y ( x ) = y corresp onds to the unique query

lab eling pro of tree x , and its in v erse X : Y ! 2

X

s.t. X ( y ) = f x j Y ( x ) = y g is the

coun tably in�nite set of pro of trees for query y from P ,
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� a complete-data sp eci�cation p

�

( x ) , whic h is a log-linear distribution on X with giv en

initial distribution p

0

, �xed prop ert y v ector � and prop ert y-functions v ector � and de-

p ending on parameter v ector � ,

� an incomplete-data sp eci�cation g

�

( y ) , whic h is related to the complete-data sp eci�ca-

tion b y

g

�

( y ) =

X

x 2 X ( y )

p

�

( x ) :

The problem of maxim um-lik eliho o d estimation for log-linear mo dels from incomplete data

can then b e stated as follo ws.

Giv en a �xed sample from Y and a set � = f � j p

�

( x ) is a log-linear distribution

on X with �xed p

0

, �xed � and � 2 I R

n

g , w e w an t to �nd a maxim um lik eliho o d

estimate �

�

of � s.t. �

�

= arg max

� 2 �

L ( � ) = ln

Q

y 2Y

g

�

( y )

~p ( y )

.

F or the rest of this section w e will refer to a giv en v ector � of prop ert y functions. F urthermore,

w e assume that for eac h prop ert y function �

i

some pro of tree x 2 X with �

i

( x ) > 0 exists,

and require p

�

to b e strictly p ositiv e on X , i.e., p

�

( x ) > 0 for all x 2 X . These conditions

guaran tee that p

�

( x ) > 0 for all x 2 X and for all � 2 � whic h is a desirable prop ert y in the

follo wing discussion.

Similar to the case of iterativ e scaling for complete-data estimation, w e de�ne an auxiliary

function A ( 
 ; � ) as a conserv ativ e estimate of the di�erence L ( 
 + � ) � L ( � ) in log-lik eliho o d.

The lo w er b ound for the incomplete-data case can b e deriv ed from the complete-data case,

in essence, b y replacing an exp ectation of complete, but unobserv ed data b y a conditional

exp ectation giv en the observ ed data and the curren t �t of the parameter v alues. Clearly ,

this is the same tric k that is used in the EM algorithm, but applied in the con text of a

di�eren t auxiliary function. F rom the lo w er-b ounding prop ert y of the auxiliary function it can

immediately b e seen that eac h maximization step of A ( 
 ; � ) as a function of 
 will increase or

hold constan t the impro v emen t L ( 
 + � ) � L ( � ) . This is a �rst imp ortan t prop ert y of a MLE

algorithm. F urthermore, our approac h to view the incomplete-data auxiliary function directly

as a lo w er b ound on the impro v emen t in incomplete-data log-lik eliho o d enables an in tuitiv e

and elegan t pro of of con v ergence.

Let the conditional probabilit y of complete data x giv en incomplete data y and parameter

v alues � b e de�ned as

k

�

( x j y ) = p

�

( x ) =g

�

( y ) =

e

� � � ( x )

p

0

( x )

P

x 2 X ( y )

e

� � � ( x )

p

0

( x )

:

Then a t w o-place auxiliary function A can b e de�ned as follo ws.
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De�nition 4.2. L et � 2 � , 
 2 I R

n

, �

#

( x ) =

P

n

i =1

�

i

( x ) , ��

i

( x ) = �

i

( x ) =�

#

( x ) . Then

A ( 
 ; � ) = ~p [1 + k

�

[ 
 � � ] � p

�

[

n

X

i =1

��

i

e




i

�

#

]] :

The particular form of the auxiliary function A and the connection of A and L is discussed

in detail in Lemmata 4.5, 4.6, and 4.7 b elo w. Let us �rst ha v e a lo ok at the extreme v alue

prop erties of A , whic h are crucial for the iterativ e maximization of A .

By considering the �rst and second deriv ativ es of A , w e see that A can b e maximized

directly and uniquely . This can b e explained as follo ws. Supp ose the parameters 
 2 I R

n

to b e

a con v ex set; the Hessian matrix of A is a diagonal matrix �lled only with negativ e elemen ts

@

2

A ( 
 ; � )

@ 


i

@ 


j

=

@

@ 


j

(

@ A ( 
 ; � )

@ 


i

) =

(

< 0 if i = j

0 else

and th us negativ e de�nite. Unique maximization follo ws from this since a function whose

Hessian is negativ e de�nite throughout a con v ex set is strictly conca v e, and a strictly conca v e

function attains a maxim um at most one p oin t of a con v ex set, and th us a critical p oin t is

necessarily a maxim um (see Horn and Johnson (1985)).

Prop osition 4.4. F or e ach � 2 � , 
 2 I R

n

: A ( 
 ; � ) takes its maximum as a function of 
 at

the unique p oint ^
 satisfying for e ach ^


i

; i = 1 ; : : : ; n :
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�
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i
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i
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Pr o of.
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= � ~p [
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[ �
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< 0 :

F rom the auxiliary function A an iterativ e algorithm for maximizing L is constructed. F or

w an t of a name, w e will call this algorithm the �Iterativ e Maximization (IM)� algorithm. A t

eac h step of the IM algorithm, a log-linear mo del based on parameter v ector � is extended to

a mo del based on parameter v ector � + ^
 , where ^
 is an estimation of the parameter v ector

that maximizes the impro v emen t in L when mo ving a w a y in the parameter space from � .

This incremen t ^
 is estimated b y maximizing the auxiliary function A ( 
 ; � ) as a function of


 and, b y Prop osition 4.4, determined for eac h i = 1 ; : : : ; n uniquely as the solution ^


i

to the

equation ~p [ k

�

[ �

i

]] = ~p [ p

�

[ �

i

e

^


i

�

#

]] : If �

#

=

P

n

i =1

�

i

( x ) = K sums to a constan t indep enden t

of x 2 X , there exists a closed form solution for the ^


i

:

^


i

=

1

K

ln

~p [ k

�

[ �

i

]]

p

�

[ �

i

]

for all i = 1 ; : : : ; n:

F or �

#

v arying as a function of x Newton's metho d can b e applied to �nd an appro ximate

solution (see Sect. 4.8). The IM algorithm in its general form is de�ned as follo ws:

De�nition 4.3 (Iterativ e maximization). L et M : � ! � b e a mapping de�ne d by

M ( � ) = ^
 + � with ^
 = arg max


 2 I R

n

A ( 
 ; � ) :

Then e ach step of the IM algorithm is de�ne d by

�

( k +1)

= M ( �

( k )

) :

In order to sho w the monotonicit y and con v ergence prop erties of the IM algorithm, w e �rst

m ust pro v e some pro visional results. Lemma 4.5 sho ws that the auxiliary function A ( 
 ; � ) is

a lo w er b ound on the incomplete-data log-lik eliho o d di�erence L ( 
 + � ) � L ( � ) . In the �rst

inequalit y w e apply Jensen's inequalit y to the natural logarithm of an exp ectation. W e get a

simpli�ed form similar to the log-lik eliho o d di�erence for complete data, mo dulo an empirical

distribution o v er complete data b eing replaced b y the conditional distribution k

�

( x j y ) . This

form is simpli�ed further b y omitting the logarithm, using the inequalit y ln x � x � 1 . F urther-

more, a random v ariable �

#

on X is in tro duced in order to de�ne a probabilit y distribution

��

i

on X . Applying Jensen's inequalit y to an exp ectation with resp ect to ��

i

in the p o w er of e ,

w e arriv e at a �nal simpli�ed form, de�ning the auxiliary function A .

Lemma 4.5. A ( 
 ; � ) � L ( 
 + � ) � L ( � ) .
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Pr o of.

L ( 
 + � ) � L ( � ) =

X

y 2Y

~p ( y ) ln g


 + �

( y ) �

X

y 2Y

~p ln g

�

( y )

= ~p [ln

g


 + �

( � )

g

�

( � )

]

= ~p [ln

1

g

�

( � )

X

x 2 X ( � )

( p


 + �

( x )

p

�

( x )

p

�

( x )

)]

= ~p [ln

X

x 2 X ( � )

(

p

�

( x )

g

�

( � )

p


 + �

( x )

p

�

( x )

)]

� ~p [

X

x 2 X ( � )

(

p

�

( x )

g

�

( � )

ln

p


 + �

( x )

p

�

( x )

)] b y Jensen's inequalit y

= ~p [

X

x 2 X ( � )

(

p

�

( x )

g

�

( � )

(ln p


 + �

( x ) � ln p

�

( x )))]

= ~p [

X

x 2 X ( � )

(

p

�

( x )

g

�

( � )

(ln Z

� 1


 � �

+ ln e


 � � ( x )

+ ln p

�

( x ) � ln p

�

( x )))]

= ~p [ k

�

[ 
 � � ] � ln p

�

[ e


 � �

]]

� ~p [ k

�

[ 
 � � ] + 1 � p

�

[ e


 � �

]] since ln x � x � 1

= ~p [ k

�

[ 
 � � ] + 1 �

X

x 2X

( p

�

( x ) e

P

n

i =1




i

�

i

( x )

�

#

( x )

�

#

( x )

)]

= ~p [ k

�

[ 
 � � ] + 1 �

X

x 2X

( p

�

( x ) e

P

n

i =1




i

��

i

( x ) �

#

( x )

)]

� ~p [ k

�

[ 
 � � ] + 1 �

X

x 2X

( p

�

( x )

n

X

i =1

��

i

( x ) e




i

�

#

( x )

)] b y Jensen's inequalit y

= ~p [ k

�

[ 
 � � ] + 1 � p

�

[

n

X

i =1

��

i

e




i

�

#

]]

= A ( 
 ; � ) :

Lemma 4.6 sho ws that there is no estimated impro v emen t in log-lik eliho o d at the origin.

Lemma 4.6. A (0 ; � ) = 0 .

Pr o of.

A (0 ; � ) = ~p [ k

�

[0 � � ] + 1 �

X

x 2X

p

�

( x )

n

X

i =1

��

i

( x ) e

0

] = 0 :

Lemma 4.7 sho ws that the critical p oin ts of A and L as functions of 
 for �xed � are the same.

Lemma 4.7.

d

dt

�

�

t =0

A ( t
 ; � ) =

d

dt

�

�

t =0

L ( t
 + � ) .
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Pr o of.

d

dt

A ( t
 ; � ) =

d

dt

~p [ k

�

[ t
 � � ] + 1 �

X

x 2X

( p

�

( x )

n

X

i =1

��

i

( x ) e

t


i

�

#

( x )

)]

= ~p [ k

�

[ 
 � � ] �

X

x 2X

( p

�

( x )

n

X

i =1

�

i

( x )

�

#

( x )

e

t


i

�

#

( x )




i

�

#

( x ))]

= ~p [ k

�

[ 
 � � ] �

X

x 2X

( p

�

( x )

n

X

i =1

�

i

( x ) 


i

e

t


i

�

#

( x )

)] :

d

dt

�

�

�

�

t =0

A ( t
 ; � ) = ~p [ k

�

[ 
 � � ] �

X

x 2X

( p

�

( x )

n

X

i =1

�

i

( x ) 


i

e

0

)]

= ~p [ k

�

[ 
 � � ] � p

�

[ 
 � � ]] :

d

dt

L ( t
 + � ) = ~p [

d

dt

ln

X

x 2 X )( � )

p

t
 + �

( x )]

= ~p [(

X

x 2 X )( � )

p

t
 + �

( x ))

� 1

d

dt

X

x 2 X )( � )

e

t
 � � ( x )

p

�

( x ) Z

� 1

t
 � �

]

= ~p [(

X

x 2 X )( � )

p

t
 + �

( x ))

� 1

X

x 2 X )( � )

p

�

( x )( � e

t
 � � ( x )

Z

� 2

t
 � �

X

x 2X

e

t
 � � ( x )


 � � ( x ) p

�

( x ) + Z

� 1

t
 � �

e

t
 � � ( x )


 � � ( x ))]

= ~p [ �

X

x 2 X )( � )

p

t
 + �

( x ) p

t
 + �

[ 
 � � ](

X

x 2 X )( � )

p

t
 + �

( x ))

� 1

+

X

x 2 X )( � )

p

t
 + �

[ 
 � � ](

X

x 2 X )( � )

p

t
 + �

( x ))

� 1

]

= ~p [ � p

t
 + �

[ 
 � � ] + k

t
 + �

[ 
 � � ]] :

d

dt

�

�

�

�

t =0

L ( t
 + � ) = ~p [ k

�

[ 
 � � ] � p

�

[ 
 � � ]] :

One cen tral result of this section is stated in Theorem 4.8. It sho ws the monotonicit y of

the IM algorithm, i.e., the incomplete-data log-lik eliho o d L is increasing on eac h iteration of

the IM algorithm except at �xed p oin ts of M or equiv alen tly at critical p oin ts of L .

Theorem 4.8 (Monotonicit y). F or al l � 2 � : L ( M ( � )) � L ( � ) with e quality i� � is a �xe d

p oint of M or e quivalently is a critic al p oint of L .

Pr o of.

L ( M ( � )) � L ( � ) � A ( M ( � )) b y Lemma 4.5

� 0 b y Lemma 4.6 and de�nition of M :
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The equalit y L ( M ( � )) = L ( � ) holds i� � is a �xed p oin t of M , i.e., M ( � ) = ^
 + � with ^
 = 0 .

F urthermore, � is a �xed p oin t of M i� ^
 = arg max


 2 I R

n

A ( 
 ; � ) = 0 ,

( ) for all 
 2 I R

n

:

^

t = arg max

t 2 I R

A ( t
 ; � ) = 0 ,

( ) for all 
 2 I R

n

:

d

dt

�

�

t =0

A ( t
 ; � ) = 0 ,

( ) for all 
 2 I R

n

:

d

dt

�

�

t =0

L ( t
 + � ) = 0 , b y Lemma 4.7

( ) � is a critical p oin t of L:

Corollary 4.9 implies that a maxim um lik eliho o d estimate is a �xed p oin t of the mapping M .

Corollary 4.9. L et �

�

= arg max

� 2 �

L ( � ) . Then �

�

is a �xe d p oint of M .

Theorem 4.10 discusses the con v ergence prop erties of the IM algorithm. In constrast to

the impro v ed iterativ e scaling algorithm, w e cannot sho w con v ergence to a global maxim um

of a strictly conca v e ob jectiv e function. Rather w e can sho w con v ergence of a sequence of IM

iterates to a critical p oin t of the non-conca v e incomplete-data log-lik eliho o d function L . The

cen tral prop ert y to sho w is that all limit p oin ts of a sequence of IM iterates are critical p oin ts

of L .

Theorem 4.10 (Con v ergence). L et f �

( k )

g b e a se quenc e in � determine d by the IM A lgo-

rithm. Then al l limit p oints of f �

( k )

g ar e �xe d p oints of M or e quivalently ar e critic al p oints

of L .

Pr o of. Let f �

( k

n

)

g b e a subsequence of f �

( k )

g con v erging to

�

� . Then for all 
 2 I R

n

:

A ( 
 ; �

( k

n

)

) � A ( ^ 


( k

n

)

; �

( k

n

)

) b y de�nition of M

� L ( ^ 


( k

n

)

+ �

( k

n

)

) � L ( �

( k

n

)

) b y Lemma 4.5

= L ( �

( k

n

+1)

) � L ( �

( k

n

)

) b y de�nition of IM

� L ( �

( k

n +1

)

) � L ( �

( k

n

)

) b y monotonicit y of L ( �

( k )

) ,

and in the limit as n ! 1 , for con tin uous A and L : A ( 
 ;

�

� ) � L (

�

� ) � L (

�

� ) = 0 . Th us


 = 0 is a maxim um of A ( 
 ;

�

� ) , using Lemma 4.6, and

�

� is a �xed p oin t of M . F urthermore,

d

dt

�

�

t =0

A ( t
 ;

�

� ) =

d

dt

�

�

t =0

L ( t
 +

�

� ) = 0 , using Lemma 4.7, and

�

� is a critical p oin t of L .

F rom this and Theorem 4.8 it follo ws immediately that eac h sequence of lik eliho o d v alues for

whic h an upp er b ound exists monotonically con v erges to a critical p oin t of L .

Corollary 4.11. L et f L ( �

( k )

g b e a se quenc e of likeliho o d values b ounde d fr om ab ove. Then

f L ( �

( k )

g c onver ges monotonic al ly to a value L

�

= L ( �

�

) for some critic al p oint �

�

of L .

Th us, the general prop erties of the IM algorithm are as follo ws: The IM algorithm con-

serv ativ ely increases the incomplete-data log-lik eliho o d function L . F urthermore, it con v erges
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monotonically to a critical p oin t of L , whic h in almost all cases is a lo cal maxim um. And it

sho ws a c haotic b eha viour in that for functions L with sev eral extreme v alues, con v ergence

will b e extremely sensitiv e to the starting v alue of a sequence of iterates.

4.6.2.2 Relation to Generalized EM Estimation

As discussed in Sect. 4.6.1, a direct application of the standard EM theory to log-linear mo dels

is complicated, since complete-data MLE is complicated for log-linear mo dels. That is, a direct

application of the EM algorithm to log-linear mo dels alw a ys is doubly iterativ e, b ecause the

M-step itself in v olv es some kind of iterativ e scaling pro cedure. Examples using iterativ e M-

steps in MLE of log-linear mo dels for partially classi�ed con tingency tables are giv en in Little

and Rubin (1987).

Iterativ e M-steps can b e a v oided b y going to partial M-steps, i.e., to GEM algorithms,

as sho wn in Sect. 4.3.2. In a GEM algorithm, the auxiliary function Q is increased in eac h

M-step rather than maximized. That means, if the impro v ed iterativ e scaling algorithm is

used in the M-step, a single maximization step on the auxiliary function of this algorithm

su�ces to increase the ob jectiv e function of this algorithm. Della Pietra, Della Pietra, and

La�ert y (1997) use the auxiliary function A

c

( 
 ; � ) = 1 + ~p [ 
 � � ] � p

�

[

P

n

i =1

��

i

e




i

�

#

] for the

ob jectiv e complete-data log-lik eliho o d function L

c

( � ) = ln

Q

x 2X

p

�

( x )

~p ( x )

. An incorp oration of

this complete-data MLE algorithm in to a GEM setting yields the follo wing pro cedure: First,

for a giv en sample from Y , the auxiliary function Q for the incomplete-data log-lik eliho o d

L = ln

Q

y 2Y

g

�

( y )

~p ( y )

is computed as prescrib ed b y the E-step of the EM theory . Next, �

t +1

is set to increase Q . That is, w e p erform only a partial M-step. This task can b e ful�lled

b y tuning the complete-data auxiliary function A

c

of Della Pietra, Della Pietra, and La�ert y

(1997) to a new auxiliary function

^

A for the man ufactured ob jectiv e function Q , and b y

p erforming a one-step maximization of the complete-data auxiliary function A

c

.

E-step: Compute Q ( � ; �

( t )

) = ~p [ k

�

( t )

[ln p

�

]] for a log-linear mo del p

�

.

M-step: Cho ose �

( t +1)

s.t. Q ( �

( t +1)

; �

( t )

) � Q ( �

( t )

; �

( t )

) ,

i.e., �

( t +1)

= 


( t )

+ �

( t )

with 


( t )

= arg max


 2 I R

^

A ( 
 ; �

( t )

) ,

and

^

A ( 
 ; �

( t )

) = ~p [1 + k

�

( t )

[ 
 � � ] � p

�

( t )

[

P

n

i =1

��

i

e




i

�

#

]] .

Note that the auxiliary function

^

A whic h is constructed b y applying the complete-data auxil-

iary function A

c

to the man ufactured complete-data log-lik eliho o d Q is iden tical to our auxil-

iary function A as sp eci�ed in De�nition 4.2. F rom the theory of the impro v ed iterativ e scaling

algorithm w e can deduce that Q is increased at eac h M-step of the ab o v e pro cedure. Giv en

this, the theory of the GEM algorithm tells us that the incomplete-data log-lik eliho o d L also

is increased at eac h GEM step of the ab o v e pro cedure. Ho w ev er, con v ergence of this com bined
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pro cedure has y et to b e studied. An in tuitiv e and elegan t w a y to do this is b y considering

the auxiliary function A as a lo w er b ound not only on the man ufactured complete-data log-

lik eliho o d Q but also directly on the incomplete-data log-lik eliho o d L , and pro v e con v ergence

directly from the relation of A to L . This is the approac h w e to ok in the last section.

4.6.2.3 Relation to Maxim um-En trop y Estimation

The impro v ed iterativ e scaling algorithm can b e seen also from the p ersp ectiv e of maxim um-

en trop y estimation. Della Pietra, Della Pietra, and La�ert y (1997) and Berger, Della Pietra,

and Della Pietra (1996) sho w a dualit y b et w een maxim um lik eliho o d and maxim um en trop y

problems, whic h can b e stated as follo ws.

The probabilit y distribution p

�

with maxim um en trop y sub ject to constrain ts

p [ f

i

] = ~p [ f

i

] ; i = 1 ; : : : ; n from a distribution ~p ( x ) o v er complete data X is the

mo del in the parametric family of log-linear mo dels p

�

that maximizes the lik eli-

ho o d of the training sample X distributed according to ~p ( x ) .

Clearly , due to the lac k of a distribution ~p ( x ) o v er complete data X , a similar result cannot

hold for the incomplete-data case. Rather, in eac h M-step w e get a maxim um of a man ufactured

complete-data lik eliho o d Q ( � ; �

0

) = ~p [ k

�

0

[ln p

�

]] whic h corresp onds to a maxim um-en trop y

solution sub ject to constrain ts from the conditional distribution k

�

0

( x j y ) . If the M-steps are

partial themselv es , i.e., if w e use a GEM setting, then w e get the follo wing �increasing-en trop y�

theorem:

The probabilit y distribution p

�

that increases the en trop y H ( p ) for an y probabilit y

distribution p sub ject to the constrain ts p [ f

i

] = k

�

0

[ f

i

] ; i = 1 ; : : : ; n from a con-

ditional distribution k

�

0

( x j y ) is the mo del in the parametric family of log-linear

probabilit y distributions p

�

with Q ( � ; �

0

) � Q ( � ; � ) .

4.6.3 Prop ert y Selection

F or the task of parameter estimation discussed in the last section, w e assumed a v ector of

prop erties to b e giv en. Clearly , exhaustiv e sets of prop erties can gro w unmanageably large

and m ust b e curtailed. An appropriate qualit y measure on prop erties can then b e used to

de�ne an algorithm for automatic prop ert y selection.

More generally , prop ert y selection can b e seen from the viewp oin t of mo del induction.

That means, selecting prominen t prop erties out of a set of p ossible prop erties can b e seen

as incremen tally inducing a mo del that captures only the salien t statistical qualities of the

training data. Suc h induced mo dels disallo w o v er�tting the training data, whic h w ould b e the
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case with mo dels with one unique prop ert y p er training elemen t. Instead, compact mo dels

allo w generalizations to new data and temp er the o v ertraining problem.

Di�eren t approac hes to mo del induction ha v e b een presen ted. F or example, Stolc k e and

Omoh undro (1994) ha v e giv en a Ba y esian approac h to inducing the structure of hidden Mark o v

mo dels. This approac h starts with a hidden Mark o v mo del that directly enco des the data, and

pro ceeds b y incremen tally generalizing b y merging states according to a Ba y esian p osterior

probabilit y measure. This measure trades o� the lik eliho o d of the data, whic h prefers o v er-

�tting mo dels, against a prior probabilit y , whic h prefers simpler mo dels. Maximization of the

p osterior probabilit y , i.e., the pro duct of the prior and the lik eliho o d, determines whic h states

to merge and when to stop generalizing.

The prop ert y selection approac h presen ted b y Della Pietra, Della Pietra, and La�ert y

(1997) and Berger, Della Pietra, and Della Pietra (1996) pro ceeds from the opp osite direction.

Starting from a uniform distribution o v er the data, whic h is enco ded b y a mo del with no

prop erties at all, prop erties are incremen tally added to the mo del according to a lik eliho o d

measure. A naiv e form of this measure is the impro v emen t in complete-data log-lik eliho o d

when extending a mo del b y a single candidate prop ert y c with corresp onding log-parameter

� . Unfortunately , when a new parameter is added to the parameter v ector of the mo del,

the optimal v alues can c hange for all parameters. Th us the calculation of the lik eliho o d-

impro v emen t due to adding a single prop ert y requires MLE for all parameters. Clearly , this

is infeasible for mo dels with large parameter spaces. Della Pietra, Della Pietra, and La�ert y

(1997) and Berger, Della Pietra, and Della Pietra (1996) prop ose an appro ximate solution

where the complete-data log-lik eliho o d function is maximized directly as a function of a single

parameter � . That is, the impro v emen t due to adding a single candidate is appro ximated b y

adjusting only the parameter of this candidate and holding all other parameters �xed. This

yields a greedy algorithm whic h mak es it practical to ev aluate a large n um b er of candidates

at eac h stage of the com bined inference algorithm.

Let us turn no w to prop ert y selection for log-linear CLP mo dels. F or the sak e of concrete-

ness, let prop erties of pro of trees b e sp eci�ed as connected, non-o v erlapping subtrees of pro of

trees as follo ws: A prop ert y of a pro of tree is a connected subgraph of a pro of tree, where

eac h no de of suc h a subtree has either zero descendan ts or the same n um b er of descendan ts

as the corresp onding no de of the sup ertree, and the no de sets of ev ery t w o subtrees in the set

of prop erties m ust not in tersect.

Supp ose furthermore that prop erties can b e incremen tally constructed b y selecting from

an initial set of goals and from subtrees built b y p erforming a resolution step at a terminal

no de of a subtree already in the mo del.

Clearly , an exhaustiv e set of suc h prop erties m ust b e pruned according to some qualit y

measure. What could b e an appropriate qualit y measure for the case of incomplete data?
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F or a MLE framew ork, the approac h of Della Pietra, Della Pietra, and La�ert y (1997) and

Berger, Della Pietra, and Della Pietra (1996) o�ers itself. Unfortunately , w e cannot apply

the appro ximate solution of maximizing the lik eliho o d as a function of a single parameter � ,

since the incomplete-data log-lik eliho o d L is not conca v e in the parameters. Ho w ev er, w e can

express a conserv ativ e estimate of the lik eliho o d-gain b y instan tiating the auxiliary function

A of De�nition 4.2 to the extension of a mo del p

� � �

b y a single prop ert y c with parameter � .

A ( �; � ) = ~p [1 + k

�

[ �

i

c

i

] � p

�

[

n

X

i =1

�c

i

e

�

i

c

#

]]

= ~p [1 + k

�

[ �c ] � p

�

[ e

�c

]]

since �

i

= �; c

i

( x ) = c ( x ) ; c

#

( x ) = c ( x ) ; �c

i

( x ) = 1 :

F rom this, w e can de�ne an estimated lik eliho o d-gain G

c

( �; � ) for a candidate c as follo ws.

De�nition 4.4. L et � � � ( x ) b e a weighte d pr op erty function, c b e a c andidate pr op erty, and

� 2 I R the lo g-p ar ameter c orr esp onding to c . Then the estimate d gain G

c

( �; � ) of adding

c andidate pr op erty c with p ar ameter value � to the lo g-line ar mo del p

� � �

is de�ne d s.t.

G

c

( �; � ) = ~p [1 + k

� � �

[ �c ] � p

� � �

[ e

�c

]] .

Clearly , this estimated lik eliho o d-gain G

c

( �; � ) is a lo w er b ound on the true lik eliho o d-gain

L ( � + � ) � L ( � ) for a parameter � corresp onding to a prop ert y c . G

c

( �; � ) also is strictly

conca v e in the parameters and can b e maximized directly and uniquely .

Prop osition 4.12. G

c

( �; � ) takes its maximum as a function of � at the unique p oint ^�

satisfying

~p [ k

� � �

[ c ]] = ~p [ p

� � �

[ c e

^� c

]] :

Pr o of.

@

@ �

G

c

( �; � ) = ~p [ k

� � �

[ c ] � p

� � �

[ c e

�c

]] ;

@

2

@ �

2

G

c

( �; � ) = � ~p [ p

� � �

[ c

2

e

�c

]] < 0 :

Prop ert y selection then will incorp orate that prop ert y out of the set of candidates that

giv es the greatest impro v emen t to the mo del at the prop ert y's b est adjusted parameter v alue.

Since w e are in terested only in relativ e, not absolute gains, a single, non-iterativ e maximization

of the estimated gain will su�ce to c ho ose from the candidates. This yields a greedy algorithm

for appro ximate prop ert y selection de�ned as follo ws.
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De�nition 4.5 (Prop ert y selection). L et C b e a set of c andidate pr op erties, c 2 C b e

a c andidate pr op erty with lo g-p ar ameter � 2 I R , and G

c

( � ) = max

�

G

c

( �; � ) the maximal

estimate d gain that pr op erty c c an give to mo del p

� � �

. Then c is sele cte d in a pr op erty sele ction

step for mo del p

� � �

if c = arg max

c

0

2 C

G

c

0

( � ) .

A reasonable stopping criterion for prop ert y selection is to emplo y cross-v alidation tec h-

niques. That is, the training corpus from Y has to b e divided in to a training p ortion and

a held-out p ortion. Eac h candidate prop ert y is sub jected to maximization of the lik eliho o d

for b oth the training p ortion and the held-out p ortion. If the lik eliho o d is increasing for the

training p ortion, but no longer for the held-out p ortion, the prop ert y is discarded. The idea

is that at suc h a p oin t o v er�tting is indicated for a set of prop erties that to o tighly �ts the

training p ortion (and its noise) but no longer pro vides a go o d statistical mo del for b oth the

training and held-out p ortion of the training corpus. A similar approac h of cross-v alidation

can b e used to pro vide a stopping criterion in parameter estimation.

4.6.4 Com bined Statistical Inference

The IM pro cedure for parameter estimation (De�nition 4.3) and the pro cedure for prop ert y

selection (De�nition 4.5) can b e com bined in to a statistical inference algorithm for log-linear

mo dels from incomplete data as sho wn in T able 4.3. The initial mo del of the Com bined

Statistical Inference algorithm is assumed to b e c hosen according to the resp ectiv e application.

F or example, p

0

can b e c hosen as uniform distribution for �nite X , or as the estimate resulting

from an applicaton of Baum's maximization tec hnique to CLP (see Sect. 4.4.2) for in�nite X .

After eac h prop ert y-selection step t , a go o d starting p oin t for parameter estimation is a p

0

based up on parameter v alue ^� + �

( t )

, where ^� is the parameter v alue of the selected prop ert y ^c

that maximizes the gain G

^c

( �; �

( t )

) . Note that X is de�ned as the disjoin t union of the complete

data corresp onding to the incomplete data in the random sample, i.e., X :=

P

y 2Y j ~p ( y ) > 0

X ( y ) .

Let us illustrate this pro cedure with a simple CLP example. Supp ose our sample program

is the same as in Fig. 4.1 but with L -constrain ts tak en from a language of hierarc hical t yp es.

The ordering on the t yp es is de�ned b y the op eration of set inclusion on the denotations of

the t yp es and depicted graphically in Fig. 4.4.

a

c

b

d

e

Figure 4.4: T yp e hierarc h y

F urthermore, supp ose w e ha v e a training corpus of ten queries, consisting of three tok ens
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Input Initial mo del p

0

, incomplete-data sample from Y .

Output Log-linear mo del p

�

on complete-data sample X =

P

y 2Y j ~p ( y ) > 0

X ( y )

with selected prop ert y function v ector �

�

and log-parameter v ector �

�

=

arg max

� 2 �

L ( � ) where � = f � j p

�

is a log-linear mo del on X based on p

0

, �

�

and � 2 I R

n

g .

Pro cedure

1. p

(0)

:= p

0

with C

(0)

:= ; ,

2. Prop ert y selection: F or eac h candidate prop ert y c 2 C

( t )

, compute the gain

G

c

( �

( t )

) := max

� 2 I R

G

c

( �; �

( t )

) , and select the prop ert y ^c := arg max

c 2 C

( t )

G

c

( �

( t )

) .

3. P arameter estimation: Compute a maxim um lik eliho o d parameter v alue

^

� := arg max

� 2 �

L ( � ) where � = f � j p

�

( x ) is a log-linear distribution on X

with initial mo del p

0

, prop ert y function v ector ^� := ( �

( t )

1

; �

( t )

2

; : : : ; �

( t )

n

; ^c ) ,

and � 2 I R

n +1

g .

4. Un til the mo del con v erges, set

p

( t +1)

:= p

^

� � ^�

,

t := t + 1 ,

go to 2 .

T able 4.3: Algorithm (Com bined Statistical Inference)
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of query y

1

: s ( Z ) & Z = a , four tok ens of y

3

: s ( Z ) & Z = c , and one tok en eac h of query

y

2

: s ( Z ) & Z = b; y

4

: s ( Z ) & Z = d , and y

5

: s ( Z ) & Z = e . The corresp onding pro of trees

generated b y the program in Fig. 4.1 are giv en in Fig. 4.5. Note that queries y

1

, y

2

, y

3

and y

4

are unam biguous, b eing assigned a single pro of tree, while y

5

is am biguous.

3 � y

1

: 1 � y

2

: 4 � y

3

:

Z = a

q ( Z ) & Z = a

p ( Z ) & q ( Z ) & Z = a

s ( Z ) & Z = a

Z = b

q ( Z ) & Z = b

p ( Z ) & q ( Z ) & Z = b

s ( Z ) & Z = b

Z = a

q ( Z ) & Z = a

p ( Z ) & q ( Z ) & Z = c

s ( Z ) & Z = c

1 � y

4

: 1 � y

5

:

Z = b

q ( Z ) & Z = b

p ( Z ) & q ( Z ) & Z = d

s ( Z ) & Z = d

Z = a

q ( Z ) & Z = a

Z = b

q ( Z ) & Z = b

p ( Z ) & q ( Z ) & Z = e

s ( Z ) & Z = e

Figure 4.5: Queries and pro of trees for constrain t logic program

A useful �rst distinction b et w een the pro of trees of Fig. 4.5 can b e obtained b y selecting the

t w o subtrees �

1

: Z = a and �

2

: Z = b as prop erties. These prop erties allo w us to cluster

the pro of trees in t w o disjoin t sets on the basis of similar statistical qualities of the pro of threes

in these sets. Since in our training corpus sev en out of ten queries come unam biguously with

a pro of tree including prop ert y �

1

, w e w ould exp ect the maxim um lik eliho o d parameter v alue

corresp onding to prop ert y �

1

to b e higher than the parameter v alue of prop ert y �

2

. Ho w ev er,

w e cannot simply recreate the prop ortions of the training data from the corresp onding pro of

trees as w e did in the unam biguous example of Sect. 4.5. Here w e are confron ted with an

incomplete-data problem, whic h means that w e do not kno w the frequency of the p ossible

pro of trees of query y

5

.
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Let us apply the IM algorithm to this incomplete-data problem. F or the selected prop erties

�

1

and �

2

, w e ha v e �

#

( x ) = �

1

( x ) + �

2

( x ) = 1 for all p ossible pro of trees x for the sample of

Fig. 4.5. Th us the parameter up dates ^


i

can b e calculated from a particularly simple closed

form ^


i

= ln

~p [ k

�

[ �

i

]]

p

�

[ �

i

]

: A sequence of IM iterates is giv en in T able 4.4. Probabilities of pro of

trees in v olving prop ert y �

i

are denoted b y p

i

. Starting from an initial uniform probabilit y of

1 = 6 for eac h pro of tree, this sequence of lik eliho o d v alues con v erges with an accuracy in the

third place after the decimal p oin t after three iterations and yields probabilities p

1

� : 259 and

p

2

� : 074 for the resp ectiv e pro of trees.

Iteration t �

( t )

1

�

( t )

2

p

( t )

1

p

( t )

2

L ( �

( t )

)

0 0 0 1 = 6 1 = 6 � 17 : 224448

1 ln 1 : 5 ln : 5 : 25 : 08

_

3 � 15 : 772486

2 ln 1 : 55 ln : 45 : 258

_

3 : 075 � 15 : 753678

3 ln 1 : 555 ln : 445 : 2591

_

6 : 0741

_

6 � 15 : 753481

T able 4.4: Estimation using the IM algorithm

4.7 An Exp erimen t

In this section w e presen t an empirical ev aluation of the applicabilit y of log-linear probabilit y

mo dels and iterativ e scaling tec hniques to constrain t-based grammars. W e presen t a computa-

tionally tractable maxim um pseudo-lik eliho o d estimation pro cedure for log-linear mo dels and

apply it to estimating a probabilistic constrain t-based grammar from a small corpus of LF G

analyses pro vided b y Xero x P AR C. The log-linear mo dels emplo y a small set of ab out 200

prop erties to induce a probabilit y distribution on 3000 parses where on a v erage eac h sen tence

is am biguous in 10 parses. The empirical ev aluation sho ws that the correct parse from the set

of all parses is found ab out 59 % of the time.

This section is based on join t w ork describ ed in Johnson, Geman, Canon, Chi, and Riezler

(1999).

4.7.1 Incomplete-Data Estimation as Maxim um Pseudo-Lik eliho o d Esti-

mation for Complete Data

As w e sa w in Sect. 4.6, the equations to b e solv ed in statistical inference of log-linear mo dels

in v olv e the computation of exp ectations of prop ert y-functions �

i

( x ) with resp ect to p

�

( x ) .

Clearly it is p ossible to �nd constrain t-based grammars where the sample space X of parses

to b e summed o v er in these exp ectations is unmanageably large or ev en in�nite.

One p ossibilit y to sensibly reduce the summation space is to emplo y the de�nition of
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the sample space X :=

P

y 2Y j ~p ( y ) > 0

X ( y ) used in incomplete-data estimation as a reduction

factor in complete-data estimation. That is, w e appro ximate exp ectations with resp ect to the

distribution p

�

( � ) on X b y considering only suc h parses x 2 X whose terminal yield y = Y ( x ) is

seen in the training corpus. F urthermore, the distribution g

�

( y ) on terminal yields is replaced

b y the empirical distribution ~p ( y ) :

p

�

[ �

i

] =

X

x 2X

p

�

( x ) �

i

( x )

=

X

y 2Y

X

x 2 X ( y )

p

�

( x ) �

i

( x )

=

X

y 2Y

g

�

( y )

X

x 2 X ( y )

k

�

( x j y ) �

i

( x )

�

X

y 2Y

~p ( y )

X

x 2 X ( y )

k

�

( x j y ) �

i

( x ) :

Clearly , for most cases the appro ximate exp ectation is easier to calculate since the space

P

y 2Y j ~p ( y ) > 0

X ( y ) is smaller than the original full space X .

The equations to b e solv ed in complete-data estimation for log-linear mo dels are then

X

y 2Y

~p ( y )

X

x 2 X ( y )

k

�

( x j y ) �

i

( x ) =

X

x 2X

~p ( x ) �

i

( x ) for all i = 1 ; : : : ; n:

These equations are solutions to the maximization problem of another criterion, namely a

complete-data log-pseudo-lik eliho o d function P L

c

whic h is de�ned with resp ect to the condi-

tional probabilit y of parses giv en the yields observ ed in the training corpus.

P L

c

( � ) = ln

Y

x 2X ;y 2Y

k

�

( x j y )

~p ( x;y )

In the actual implemen tation describ ed in Johnson, Geman, Canon, Chi, and Riezler (1999)

a sligh tly di�eren t function in v olving a regularization term promoting small v alues of � on to the

ob jectiv e function w as maximized. The maximization equations w ere solv ed using a conjugate-

gradien t approac h adapted from Press, T euk olsky , V etterling, and Flannery (1992). A similar

approac h to maxim um pseudo-lik eliho o d estimation for log-linear mo dels from complete data

but in the con text of an iterativ e scaling approac h can b e found in Berger, Della Pietra, and

Della Pietra (1996).

4.7.2 Prop ert y Design for F eature-Based CLGs

One cen tral aim of our exp erimen t w as to tak e adv an tage of the high �exibilit y of log-linear

mo dels and ev aluate the usefulness of this issue in hard terms of empirical p erformance.

The prop erties emplo y ed in our mo dels clearly deviate from the rule or pro duction prop er-

ties emplo y ed in most other probabilistic grammars b y enco ding as prop ert y-functions general
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linguistic principles as prop osed b y Alsha wi and Carter (1994), Sriniv as, Doran, and Kulic k

(1995) or Hobbs and Bear (1995). The de�nition of prop erties of LF G parses refers to b oth the

c(onstituen t)- and f(eature)-structures of the parses. Examples for the prop erties emplo y ed in

our mo del are

� prop erties coun ting the n um b er of adjuncts, argumen ts and segmen ts in an analysis,

� prop erties corresp onding to grammatical functions used in LF G, including SUBJ, OBJ,

OBJ2, COMP , X COMP , ADJUNCT, etc.

� prop erties measuring the complexit y of the phrase b eing attac hed to, th us indicating

b oth high and lo w attac hmen t,

� prop erties indicating non-righ t-branc hing of non terminal no des,

� prop erties indicating non-parallel co ordinate structures,

� prop erties for atomic attribute-v alue pairs in feature structures,

� prop erties for particular syn tactic structures suc h as date-NPs,

� standard rule-prop erties.

The n um b er of prop erties de�ned for eac h of the t w o corp ora w e w ork ed with w as ab out

200 including ab out 50 rule-prop erties resp ectiv ely .

W e w ould also ha v e lik ed to ha v e included prop erties corresp onding to lexical-seman tic

head-head relations, but found the small size of our training corp ora to b e an obstacle in

estimating the asso ciated parameters accurately .

4.7.3 Empirical Ev aluation

The t w o corp ora pro vided to us b y Xero c P AR C con tain app oin tmen t planning dialogs (V erb-

mobil corpus, henceforth VM-corpus), and a do cumen tation of Xero x prin ters (Homecen tre

corpus, henceforth HC-corpus). The basic prop erties of the corp ora are summarized in T able

4.5. The corp ora consist of a pac k ed represen tation of the c- and f-structures of parses pro duced

for the sen tences b y a LF G grammar. The LF G parses ha v e b een pro duced automatically b y

the XLE system (see Maxw ell I I I. and Kaplan (1989)) but corrected man ually in addition.

F urthermore, it is indicated for eac h sen tence whic h of its parses is the linguistically correct

one. The am biguit y of the sen tences in the corpus is 10 parses on a v erage.

In order to cop e with the small size of the corp ora a 10-w a y cross-v alidation framew ork has

b een used for estimation and ev aluation. That is, the sen tences of eac h corpus w ere assigned

randomly in to 10 appro ximately equal-sized sub corp ora. In eac h run, 9 of the sub corp ora
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VM-corpus HC-corpus

n um b er of sen tences 540 980

n um b er of am biguous sen tences 314 481

n um b er of parses of am biguous sen tences 3245 3169

T able 4.5: Prop erties of the corp ora used for the estimation exp erimen t

serv ed as training corpus, and one sub corpus as test corpus. The ev aluation scores presen ted

in T ables 4.6 and 4.7 are sums o v er the the ev aluation scores gathered b y using eac h sub corpus

in turn as test corpus and training on the 9 remaining sub corp ora.

W e used t w o ev aluation measures on the test corpus. The �rst measure C

test

( � ) giv es

the accuracy of disam biguation based on most probable parses. That is, C

test

( � ) coun ts the

p ercen tage of sen tences in the test corpus whose most probable parse according to a mo del p

�

is the man ually determined correct parse. If a sen tence has k most probable parses and one of

these parses is the correct one, this sen tence gets score 1 =k . The second ev aluation measure is

� P L

test

( � ) , the negativ e log-pseudo-lik eliho o d for the correct parses of the test corpus giv en

their yields. This metric measures ho w m uc h of the probabilit y mass the mo del puts on to the

correct analyses.

In the empirical ev aluation, the maxim um pseudo-lik eliho o d estimator is compared against

a baseline estimator whic h treats all parses as equally lik ely . F urthermore, another ob jectiv e

function is considered: The function C

~

X

( � ) is the n um b er of times the highest w eigh ted parse

under � is the man ually determined correct parse in the training corpus

~

X . This function

directly enco des the criterion whic h is used in the linguistic ev aluation. Ho w ev er, C

~

X

( � ) is

a highly discon tin uous function in � and hard to maximize. Exp erimen ts using a sim ulated

annealing optimization pro cedure (Press, T euk olsky , V etterling, and Flannery 1992) for this

ob jectiv e function sho w ed that the computational di�cult y of this pro cedure gro ws and the

qualit y of the solutions degrades rapidly with the n um b er of prop erties emplo y ed in the mo del.

The results of the empirical ev aluation are sho wn in T ables 4.6 and 4.7. The maxim um

pseudo-lik eliho o d estimator p erformed sup erior to b oth the sim ulated annealing estimator and

the uniform baseline estimator on b oth corp ora. The sim ulated annealing pro cedure t ypically

scores b etter than the maxim um pseudo-lik eliho o d approac h if the n um b er of prop erties is v ery

small. Ho w ev er, the pseudo-lik eliho o d approac h outp erforms sim ulated annealing already for

a prop ert y-size of 200 as used in our exp erimen t. F urthermore it should b e noted that the

absolute n um b ers of 59 % accuracy on the disam biguation task ha v e to b e assessed relativ e to

a n um b er of on a v erage 10 parses p er sen tence.
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C

test

for VM-corpus � P L

test

for VM-corpus

uniform baseline estimator 9.7 % 533

sim ulated annealing estimator 53.7 % 469

maxim um pseudo-lik eliho o d estimator 58.7 % 396

T able 4.6: Empirical ev aluation of estimators on C

test

(accuracy of disam biguation with most

probable parse) and � P L

test

(negativ e log-pseudo-lik eliho o d of correct parses in test corpus)

on VM-corpus

C

test

for HC-corpus � P L

test

for HC-corpus

uniform baseline estimator 15.2 % 655

sim ulated annealing estimator 53.2% 604

maxim um pseudo-lik eliho o d estimator 58.8 % 583

T able 4.7: Empirical ev aluation of estimators on HC-corpus

4.8 Appro ximation Metho ds

With the algorithms and pro ofs of the preceding sections in hand, it seems that statistical

inference of log-linear mo dels from incomplete data reduces to solving simple equations and

computing exp ectations of simple functions. Ho w ev er, dep ending on the size of the sample

spaces o v er whic h these exp ectations m ust b e tak en and dep ending on the complexit y of the

parameter- and prop ert y-space, these equations can b ecome in tractable b oth analytically and

n umerically . In order to giv e a self-con tained recip e for statistical inference of log-linear mo d-

els from incomplete data, w e will discuss the p ossibilities of applying v arious appro ximation

metho ds to ac hiev e b oth analytical and computational tractabilit y in complex applications.

4.8.1 Enforcing a Closed-F orm Solution

As men tioned ab o v e, if the prop ert y-functions sum to a constan t indep enden t of x , i.e., if

�

#

( x ) =

n

X

i =1

�

i

( x ) = K for all x 2 X ;

then the maxim um ^
 of the auxiliary function A used in parameter estimation is giv en in

closed form.

F or a giv en v ector of prop ert y-functions � with �

#

( x ) = K , the IM algorithm can b e

stated as sho wn in T able 4.8. Note that the complete-data sample X is computed as X =
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P

y 2Y j ~p ( y ) > 0

X ( y ) .

Input Initial mo del p

0

, prop ert y-functions v ector � , incomplete-data sample from

Y .

Output MLE mo del p

�

�

on X =

P

y 2Y j ~p ( y ) > 0

X ( y ) .

Pro cedure

Un til con v ergence do

Compute p

�

; k

�

, based on � = ( �

1

; : : : ; �

n

) ,

F or i from 1 to n do




i

:=

1

K

ln

P

y 2Y

~p ( y )

P

x 2 X ( y )

k

�

( x j y ) �

i

( x )

P

y 2Y

P

x 2X

p

�

( x ) �

i

( x )

,

�

i

:= �

i

+ 


i

,

Return �

�

= ( �

1

; : : : ; �

n

) .

T able 4.8: Algorithm (Iterativ e Maximization, Closed-F orm)

In this case, the IM algorithm can b e seen as an incomplete-data v ersion of the generalized

iterativ e scaling algorithm of Darro c h and Ratcli� (1972).

If the constancy-condition is not ful�lled, it can b e enforced b y in tro ducing a �correction�

prop ert y-function �

l

as follo ws:

Cho ose K = max

x 2X

�

#

( x ) and �

l

( x ) = K � �

#

( x ) for all x 2 X ,

then

P

l

i =1

�

i

( x ) = K for all x 2 X .

Unfortunately , de�ning a correction prop ert y can b e exp ensiv e, e.g., in case a prop ert y selection

pro cedure is used in statistical inference, a correction prop ert y has to b e de�ned after eac h

prop ert y selection step.

Correction prop erties can b e a v oided b y letting �

#

v ary o v er x 2 X . This approac h is also

claimed to impro v e the con v ergence rate of iterativ e scaling metho ds b y increasing the step

size tak en to w ard the maxim um at eac h iteration.

4.8.2 Numerical Appro ximation via Newton's Metho d

If �

#

( x ) do es not add up to a constan t for all x 2 X , the solutions to the maximization

equations in parameter estimation and prop ert y selection cannot, in general, b e determined

in closed form. F ortunately , n umerical metho ds suc h as Newton's metho d can b e used to

e�cien tly compute appro ximate solutions to these equations.
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Newton's metho d appro ximates the solution � of an equation f ( � ) = 0 b y using a sequence

of linearizations of f . A t eac h step, the in tersection of the tangen t to f at �

t

with the � -axis

is tak en, yielding an impro v ed estimate �

t +1

. The iteration form ulae to approac h the solution

up to a desired accuracy are de�ned as follo ws.

�

t +1

= �

t

�

f ( �

t

)

f

0

( �

t

)

where f

0

( �

t

) is the deriv ativ e of f at �

t

.

This metho d directly suits our application when w e replace f ( � ) b y the �rst deriv ativ e

of the auxiliary function A ,

@

@ 


i

A ( 
 ; � ) , in case of parameter estimation, and b y the �rst

deriv ativ e of the appro ximate gain G

c

,

@

@ �

G

c

( �; � ) , in case of prop ert y selection. Newton's

metho d usually con v erges rapidly for suc h functions.

T o e�cien tly compute the functions in the Newton form ulae, w e can use a cashing tec hnique

similar to the one used in Abney (1997) and apply it to our incomplete-data problem. First,

w e ha v e to de�ne tables of total probabilities as follo ws.

� S

i;v

=

P

x 2X

p

�

( x ) �

�

i

( x ) ;v

is the exp exted n um b er of times prop ert y function �

i

tak es

v alue v ,

� T

i;y

=

P

x 2 X ( y )

k

�

( x j y ) �

i

( x ) is the conditionally exp ected n um b er of times prop ert y �

i

o ccurs,

� U

i;m

=

P

x 2X j �

#

( x )= m

p

�

( x ) �

i

( x ) is the exp ected n um b er of times prop ert y �

i

o ccurs

when there is a total n um b er of m prop ert y instances.

Corresp onding to these exp ectations, w e de�ne the follo wing coun ting v ariables:

� s

r

( �; i ) =

P

v

S

i;v

e

�v

v

r

,

� t

r

( �; i ) =

P

y

T

i;y

�

r

,

� u

r

( �; i ) =

P

m

U

i;m

e

�m

m

r

.

The Newton form ulae for prop ert y selection can then b e �lled with these exp ected coun ts as

follo ws:

�

t +1

= �

t

+

@

@ �

t

G

c

( �

t

; � )

@

2

@ �

2

t

G

c

( �

t

; � )

= �

t

+

~p [ k

�

[ c ] � N p

�

[ c e

�

t

c

]

N p

�

[ c

2

e

�

t

c

]

= �

t

+

t

0

( �

t

; c ) � N s

1

( �

t

; c )

N s

2

( �

t

; c )

:
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The tables of total probabilities de�ned ab o v e also allo w us to express the gain G

c

( ^ � ; � )

of adding prop ert y c with b est parameter v alue ^� to mo del p

�

in terms of exp ected coun ts:

G

c

( ^ � ; � ) = N + ~p [ k

�

[ ^ � c ] � N p

�

[ e

^� c

]

= N + t

1

( ^ � ; c ) � N s

0

( ^ � ; c ) :

F or the task of parameter estimation, similar Newton form ulae can b e obtained from the

exp ected coun ts:

�

t +1

= �

t

+

@

@ �

t

A ( 
 ; � )

@

2

@ �

2

t

A ( 
 ; � )

= �

t

+

~p [ k

�

[ �

i

] � N p

�

[ �

i

e

�

t

�

#

]

N p

�

[ �

i

�

#

e

�

t

�

#

]

= �

t

+

t

0

( �

t

; i ) � N u

0

( �

t

; i )

N u

1

( �

t

; i )

:

F or a random sample from Y of size N , an algorithm for appro ximate parameter estimation

can b e de�ned from the ab o v e Newton form ulae as sho wn in T able 4.9.

Similarly , an algorithm for appro ximate prop ert y selection can b e giv en as in T able 4.10.

4.8.3 Appro ximating Exp ectations via Mon te Carlo Metho ds

Indep enden t of whether the solutions of the maximization equations exist in closed form,

a further problem arises in connection with large or in�nite sample spaces. That is, if the

sample space X is to o large to b e summed o v er in the calculation of the exp ectations in the

maximization equations, metho ds m ust b e used to appro ximate these exp ectations.

One p ossibilit y is to use Mon te Carlo Metho ds. F ollo wing Abney (1997), w e use the

Metrop olis-Hastings metho d and sho w ho w it can b e applied to our incomplete-data prob-

lem.

The strategy b ehind this metho d is to generate a random sample from a target distribution

p b y c ho osing a nominating matrix p

0

from whic h sampling is easy , and p erforming a Bernoulli

trial with parameter � to determine whether to accept or reject the nominated sample p oin t.

That means, this metho d con v erts a sampler for p

0

in to a sampler for p via an ev aluation matrix

� . F or our application, w e can tak e as nominating matrix for eac h query y 2 Y a sto c hastic

con text-free CLP mo del p

�

( x ) on X ( y ) as de�ned in Sect. 4.4.2. F rom this sto c hastic deriv ation

mo del sampling is easy and can b e con v erted b y a standard ev aluation matrix to sampling

from the desired log-linear distribution p

�

( x ) on X ( y ) .
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Input Initial mo del p

0

, prop ert y-functions v ector � , incomplete-data sample from

Y .

Output MLE mo del p

�

�

on X =

P

y 2Y j ~p ( y ) > 0

X ( y ) .

Pro cedure

Un til con v ergence do

Compute tables T , U , based on � = ( �

1

; : : : ; �

n

) ,

F or i from 1 to n do

� := 0 ,

Un til � is accurate enough do

u

0

:= 0 ; u

1

:= 0 ; t

0

:= 0 ,

F or m from 0 to m

max

do

a := U

i;m

e

�m

,

u

0

:= u

0

+ a ,

u

1

:= u

1

+ am ,

F or y 2 Y where ~p ( y ) > 0 do

b := T

i;y

,

t

0

:= t

0

+ b ,

� := � +

t

0

� N u

0

N u

1

,

�

i

:= �

i

+ � ,

Return �

�

= ( �

1

; : : : ; �

n

) .

T able 4.9: Algorithm (Iterativ e Maximization, Newton-Estimate)
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Input Mo del p

�

, set of candidate prop erties C , incomplete-data sample from Y .

Output Selected prop ert y c

�

with maximal parameter v alue �

�

.

Pro cedure

Compute tables S , T , based on � ,

G

�

:= 0 ; c

�

:= ; , �

�

:= 0 ,

F or all candidates c 2 C do

� := 0 ,

Un til � is accurate enough do

s

0

:= 0 ; s

1

:= 0 ; s

2

:= 0 ; t

0

:= 0 ; t

1

:= 0 ,

F or v from 0 to v

max

do

a := S

c;v

e

�v

,

s

0

:= s

0

+ a ,

s

1

:= s

1

+ av ,

s

2

:= s

2

+ av

2

,

F or y 2 Y where ~p ( y ) > 0 do

b := T

i;y

,

t

0

:= t

0

+ b ,

t

1

:= t

1

+ b� ,

� := � +

t

0

� N s

1

N s

2

,

G := N + t

1

� N s

0

,

If G > G

�

, then G

�

:= G; c

�

:= c; �

�

:= � .

Return c

�

; �

�

.

T able 4.10: Algorithm (Prop ert y Selection, Newton-Estimate)
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Input Initial state x

0

2 X ( y ) ,

Nominating matrix p

0

= p

�

( x ) on X ( y ) ,

Log-linear distribution p = p

�

( x ) on X ( y ) ,

Ev aluation matrix �

x;z

=

(

1 if p ( x ) p

0

( z ) � p ( z ) p

0

( x )

p ( z ) p

0

( x )

p ( x ) p

0

( z )

if p ( x ) p

0

( z ) > p ( z ) p

0

( x )

,

T erminal n um b er of steps k .

Output Random sample X

0

; : : : ; X

k

from p

�

on X ( y ) .

Pro cedure

X

0

:= x

0

,

i := 1 ,

While i � k

x := X

i � 1

,

Randomly generate z from p

0

,

If z = X

i � 1

, then X

i

:= X

i � 1

,

Else ev aluate �

x;z

,

Randomly generate u from uniform distribution on [0 ; 1] ,

If u � �

x;z

, then X

i

:= z ,

Else X

i

:= X

i � 1

,

i := i + 1 ,

Return X

0

; : : : ; X

k

.

T able 4.11: Algorithm (Metrop olis-Hastings Sampling)

F ollo wing standard textb o oks suc h as Fishman (1996), an application of the Metrop olis-

Hastings algorithm to our problem is as sho wn in T able 4.11.

Note that the ev aluation matrix �

x;z

reduces to a particularly simple form for our appli-

cation whic h do es not require the computation of normalization constan ts Z

�

. That is, b y

taking the initial mo del p

0

of the log-linear CLP mo del p

�

to b e of the form of a sto c hastic

CLP mo del p

�

, and b y assuming indep endence of the nominated sample p oin ts, w e get the

follo wing form of �

x;z

:

�

x;z

= min

�

1 ;

p ( z ) p

0

( x )

p ( x ) p

0

( z )

�

where

p ( z ) p

0

( x )

p ( x ) p

0

( z )

=

p

�

( z ) p

�

( x )

p

�

( x ) p

�

( z )

=

Z

� 1

�

e

� � � ( z )

p

�

( z ) p

�

( x )

Z

� 1

�

e

� � � ( x )

p

�

( x ) p

�

( z )
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=

e

� � � ( z )

e

� � � ( x )

= e

( � � � ( z ) � � � � ( x ))

:

It can b e sho wn for this sampling metho d that the distribution of the i.i.d. random v ariables

X

i

con v erges in distribution to the target distribution p

�

as i ! 1 :

lim

i !1

P ( X

i

= x ) = p

�

( x ) for all x 2 X ( y ) :

F urthermore, a prop er random sample from a probabilit y distribution p enables to estimate

exp ectations of functions f with resp ect to p directly from the sample p oin ts X

i

. That is, the

estimated exp ectation con v erges to the true exp ectation with probabilit y 1 :

lim

K !1

1

K

K

X

i =1

f ( X

i

) =

X

x

f ( x ) p ( x ) with probabilit y 1 :

Applying the Metrop olis-Hastings algorithm to a log-linear mo del for CLP yields for eac h

y 2 Y where ~p ( y ) > 0 a random sample

~

X ( y ) from p

�

on X ( y ) . Suc h samples can b e com bined

in to a sample

~

X =

P

y 2Y j ~p ( y ) > 0

~

X ( y ) from p

�

on X . F rom these random samples the desired

estimates of exp ectations of functions with resp ect to p

�

can b e computed.

Note that w e can use the same random sample for eac h iteration of Newton's metho d

to estimate the gain for eac h candidate prop ert y sim ultaneously . After adding the selected

prop ert y to the mo del, again a single random sample from the extended mo del can b e used to

estimate the MLE v alues for eac h parameter in parallel. Supp ose w e ha v e a random sample

from Y of size N , a complete data sample

~

X ( y ) of size M

y

for y , and com bined complete data

sample

~

X =

P

y 2Y j ~p ( y ) > 0

~

X ( y ) of size L . Then w e can de�ne tables similar to the tables of

total probabilities used in Sect. 4.8.2 as follo ws.

� S

i;v

=

P

~x 2

~

X

�

�

i

( ~ x ) ;v

is the n um b er of times prop ert y function �

i

tak es v alue v in com bined

random sample

~

X ,

� T

i;y

=

P

~x 2

~

X ( y )

�

i

( ~ x ) is the n um b er of times prop ert y �

i

o ccurs in random sample

~

X ( y ) ,

� U

i;m

=

P

~x 2

~

X j �

#

( ~ x )= m

�

i

( ~ x ) is the n um b er of times prop ert y �

i

o ccurs in com bined

random sample

~

X when there is a total n um b er of m prop ert y instances for eac h sample

p oin t.

F or the exp ectations in v olv ed in the closed-form up dates in parameter estimation of Sect.

4.8.1, the follo wing coun ting v ariables will b e con v enien t:

� s ( i ) =

P

v

S

i;v

v ,

� t ( i ) =

P

y

T

i;y

M

� 1

y

.
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The closed-form parameter up date ^
 can then b e appro ximated b y random sampling as follo ws.

^


i

�

1

K

ln

t ( i )

N

L

s ( i )

:

F or the exp ectations in v olv ed in the Newton form ulae, the coun ting v ariables are the same as

those of Sect. 4.8.2, except for

� t

r

( �; i ) =

P

y

T

i;y

�

r

M

� 1

y

.

The Newton up date used in prop ert y selection is appro ximated b y random sampling as follo ws.

�

t +1

� �

t

+

t

0

( �

t

; c ) �

N

L

s

1

( �

t

; c )

N

L

s

2

( �

t

; c )

:

The gain is appro ximated as

G

c

( ^ � ; � ) � N + t

1

( ^ � ; c ) �

N

L

s

0

( ^ � ; c ) :

Similar random sampling estimates can b e obtained for the Newton up date used in parameter

estimation:

�

t +1

� �

t

+

t

0

( �

t

; i ) �

N

L

u

0

( �

t

; i )

N

L

u

1

( �

t

; i )

:

4.8.4 Appro ximating Exp ectations via Maxim um Pseudo-Lik eliho o d Esti-

mation

As stated ab o v e, Mon te Carlo metho ds o�er the theoretical assurance that the appro ximation

of an exp ectation con v erges to the true exp ectation in the limit. This means that one can get

arbitrarily close to the true v alue of the exp ectation with increasing sample size. Ho w ev er,

con v ergence can b e v ery slo w, i.e., the sample size necessary for an appropriate appro ximation

ma y b e v ery large. This is esp ecially the case if the distributions of the nominating mo del

p

�

and the target mo del p

�

are far apart. This ma y b e the case if probabilistic con text-free

grammars are used as nominating mo del for a log-linear mo del on constrain t-based grammars.

Besides the comp ensation for sampling errors, man y samples ma y ha v e to b e generated to

guaran tee a reliable estimate of the desired exp ectations. T ogether, these problems can mak e

Mon te Carlo appro ximations infeasible in practice.
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An alternativ e to Mon te Carlo metho ds is to appro ximate exp ectations in a maxim um

pseudo-lik eliho o d estimation framew ork. In Sect. 4.3.3 w e in tro duced partial E-steps in the

EM algorithm as in instance of maxim um pseudo-lik eliho o d estimation. The idea w as there

to replace an in tractable probabilit y function with resp ect to whic h an exp ectation is tak en

b y a probabilit y function whic h is more tractable. One p ossibilit y to ac hiev e suc h tractable

exp ectations is to use sparse exp ectations: Instead of replacing the in tractable sample space

b y a Mon te-Carlo sample and coun ting from this, the original sample space is restricted to an

appropriate �nite subset o v er whic h the exp ectation is calculated.

The general form of suc h sparse appro ximations is as follo ws (cf. Neal and Hin ton (1998)).

Let S ( y ) b e a �nite subset of the set X ( y ) of complete data corresp onding to an incom-

plete datum y 2 Y . Then a sparse conditional distribution s

�

( x j y ) on complete data x giv en

incomplete data y and the curren t v alue of the parameters � can b e de�ned s.t.

s

�

( t )

( x j y ) =

8

<

:

0 if x 62 S

( t )

( y ) ;

p

�

( t )

( x )

P

x 2 S

( t )

( y )

p

�

( t )

( x )

if x 2 S

( t )

( y ) :

That is, for a giv en subset S

( t )

( y ) of the sample space X ( y ) de�ned at time t , the sparse

probabilit y distribution s

�

( t )

( x j y ) is de�ned as the normalized probabilit y distribution that

assigns a p ositiv e probabilit y only to the elemen ts in S

( t )

( y ) . The calculation of exp ectations

P

x 2 S

( t )

( y )

s

�

( t )

( x j y ) f ( x ) of functions f ( x ) with resp ect to s

�

( t )

( x j y ) then only tak es time

prop ortional to the size of S

( t )

( y ) at time t .

V arious heuristics can b e used for a �exible de�nition of S

( t )

( y ) . A sensible approac h is

to de�ne S

( t )

( y ) as the N most probable x 2 X ( y ) , and recalculate this set at eac h step t ,

and frequen tly p erform a full iteration with S

( t )

( y ) = X ( y ) for all y 2 Y with ~p ( y ) > 0 . F or

N = 1 , this approac h yields the w ell-kno wn Viterbi-appr oximation of the EM algorithm. Here

eac h y is assumed to come with a unique x 2 X ( y ) at time t . Giv en algorithms for e�cien tly

searc hing for the most probable pro of tree x for a giv en query y , a Viterbi-appro ximation

can b e de�ned for parameter estimation of a probabilistic CLP mo del. A recursiv e use of this

algorithm also enables an N-b est-appr oximation .

A linguistically motiv ated de�nition of S

( t )

( y ) as the trees x 2 X ( y ) of a con text-free

grammar whic h corresp ond to a brac k eting structure annotated to the sample of training

sen tences has b een presen ted b y P ereira and Sc hab es (1992). Since the brac k eting do es not

c hange during the estimaton pro cess, S

( t )

( y ) is constan t for all t . Clearly , suc h br acketing

c onstr aints yield on the one hand b etter linguistic results in terms of a constituen t structures

of trees consisten t with hand-annotated brac k etings. On the other hand, the restriction of the

sample space to the x 2 X whic h corresp ond to the brac k eting structure of the sample from

Y also reduce the computational load of the estimation pro cess.

A general form of the IM algorithm using sparse appro ximations s

�

( x j y ) is giv en in T able

4.12.
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Input Initial mo del p

0

, initial set S

0

( y ) , prop ert y-functions v ector � , incomplete-

data sample from Y .

Output Appro ximated MLE mo del p

�

�

on X =

P

y 2Y j ~p ( y ) > 0

X ( y ) .

Pro cedure

Un til con v ergence do

Compute S ( y ) ; p

�

; s

�

, based on � = ( �

1

; : : : ; �

n

) ,

F or i from 1 to n do




i

:=

1

K

ln

~p [

P

x 2 S ( y )

s

�

( x j y ) �

i

( x )]

P

x 2X

p

�

( x ) �

i

( x )

,

�

i

:= �

i

+ 


i

,

Return �

�

= ( �

1

; : : : ; �

n

) .

T able 4.12: Algorithm (Sparse Iterativ e Maximization, Closed-F orm)

A theoretical justi�cation of suc h approac hes can b e giv en in terms of partial exp ectations

in the con text of the EM algorithm. In Sect. 4.3.3, w e sa w that the incomplete-data log-

lik eliho o d L ( � ) = ~p [ln g

�

( y )] for a giv en random sample from Y is lo w er b ounded b y a pseudo-

lik eliho o d function F ( q ; � ) whic h is a join t function of the parameters and of the distributions

o v er the unobserv ed data. The function q can b e set to a tractable sparse appro ximation s

�

( t )

of k

�

( t )

. Th us a sparse distribution s

�

( t )

yields a lo w er b ound F ( s

�

( t )

; �

( t )

) � L ( �

( t )

) in the E-

step, whic h is maximized as a function of � in the M-step. As sho wn b y Neal and Hin ton (1998)

or Csiszár and T usnády (1984), ev en if some iterations ma y decrease L , w e are guaran teed

that the pseudo-lik eliho o d F whic h b ounds L from b elo w is increased or held constan t with

ev ery iteration. The in terpretation of the IM algorithm as an instance of a GEM algorithm

giv en in Sect. 4.6.2.2 th us justi�es a replacemen t of k

�

( t )

b y a sparse appro ximation s

�

( t )

also

for an IM algorithm.

Ho w ev er, it has to b e k ept in mind that for suc h partial E-steps monotonicit y and con-

v ergence of the estimation algorithm has to b e pro v en in terms of the lo w er b ound F on L .

Clearly , con v ergence can b e sho wn easily for approac hes with constan t S

( t )

( y ) for all t induced,

e.g., b y �xed brac k eting constrain ts, but is hard to v erify for approac hes whic h let S

( t )

( y ) v ary

as a function of t suc h as Viterbi-appro ximations. More subtle v ersions of pseudo-lik eliho o d

approac hes to EM include v ariational appro ximation metho ds, where a parameterized appro x-

imating distribution q is used and the parameters are v aried to minimize the Kullbac k Leibler

distance b et w een q and k

�

. Minimizing this distance clearly results in a minimization of the

distance b et w een the pseudo-lik eliho o d function F and the true lik eliho o d function L .

L ( � ) � F ( q ; � ) = ~p [ln g

�

( � )] � ~p [

X

x 2 X ( � )

q ( x ) ln

p

�

( x )

q ( x )

]
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= ~p [ln g

�

( � ) �

X

x 2 X ( � )

q ( x )(ln k

�

( x j� ) + ln g

�

( � ) � ln q ( x ))]

= ~p [

X

x 2 X ( � )

q ( x ) ln

q ( x )

k

�

( x j� )

]

= ~p [ D ( q jj k

�

)]

The parametric mo dels used, e.g., in the con text of large-scale neural net w orks, are mo dels

assuming complete indep endence of the v ariables of the net w ork (mean �eld appro ximation,

see P arisi (1988)) or appro ximated mo dels probabilistic dep endencies of the original mo del

(structured v ariational appro ximation, see Saul and Jordan (1996)). P ossible applications of

v ariational appro ximation to estimating probabilistic CLGs could follo w these lines. A discus-

sion of suc h approac hes y et is b ey ond the scop e of this thesis.

4.9 P arsing and Searc hing

In the foregoing c hapters w e discussed the mathematical and algorithmic details of statistical

inference of log-linear mo dels from incomplete data, and exp erimen ted with these tec hniques

on a small set of real-w orld data of parses of a constrain t-based grammar. On this small

scale it w as p ossible to do am biguit y resolution b y explicitly listing all parses according to

the induced probabilit y distribution and pic king the most probable one as the correct one.

Ho w ev er, for applications on a larger scale an imp ortan t question is ho w the structure of

the probabilit y mo del on parses can b e used to guide the searc h for the most probable parse

e�cien tly without ha ving to list all parses explicitly . Th us the question is whether the searc h

tec hniques standardly used for probabilistic grammars can b e re-applied to the log-linear CLP

and CLG mo dels.

W e b egin our discussion in Sect. 4.9.1 with an application of the tabular parsing metho d of

Earley deduction (P ereira and W arren 1983) to CLGs. The table of p ending deriv ations de�ned

in this metho d will la y the ground for probabilistic searc h metho ds for �nding most probable

parses. In Sect. 4.9.2 w e sho w that the probabilistic searc h metho d of the Viterbi algorithm

(Viterbi (1967), F orney (1973)) standardly used in con text-free tabular pro cessing mo dels �nds

the most probable parse of a probabilistic CLG mo del only under certain restrictions. Since

suc h restrictions ma y trade o� against the searc h complexit y , metho ds for sensibly relaxing

the restrictions are desirable. A heuristic searc h algorithm resulting from suc h a relaxation is

discussed in Sect. 4.9.3.

4.9.1 Earley Deduction for F eature-Based CLGs

Earley deduction has b een in tro duced b y P ereira and W arren (1983) as a generalization of

Earley's e�cien t con text-free parsing algorithm (Earley (1970), Aho and Ullman (1972)) to a
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tabular parsing algorithm for de�nite clause grammars. In con trast to bac ktrac king metho ds,

in tabular parsing metho ds a table, or c hart, of p ending sub deriv ations is built up during

deriv ation. In Earley deduction, sub deriv ations corresp ond to de�nite clauses deriv ed from

the grammar axioms and a query . Storing suc h deriv ation states for future use as items in

a c hart ma y a v oid the redundancy of bac ktrac king metho ds whic h leads in the w orst case

to an exp onen tial searc h complexit y . Instead, this dynamic-programming tec hnique of storing

solutions to subproblems ma y reduce the searc h complexit y to b e p olynomial in input length.

The v ery basic concepts of an application of Earley deduction to CLP can b e giv en as

follo ws. Earley deduction w orks on t w o sets of de�nite clauses, the set of program clauses P and

the set of deriv ed clauses constituting the c hart C . An activ e item of a con text-free Earley parser

corresp onds here to a de�nite clause with at least one relational atom on its righ thandside, i.e.,

to a non-unit clause. P assiv e items corresp ond to clauses whose righ thandsides consist only of

an L -constrain t, i.e., to unit-clauses. A selection function determines for eac h non-unit clause

its selected R ( L ) -atom. W e adopt here the standard Prolog selection rule where the �rst atom

on the righ thandside of a clause is selected in eac h step. The input to the algorithm consists

of a set of program clauses P and a query G . The con ten t of the c hart C initially consists of G

and is con tin ually added to b y an exhaustiv e application of the follo wing t w o inference rules

2

(the rules are to b e read as �If there are clauses c

1

and c

2

and the conditions on these clauses

are satis�ed, then add clause c

3

to the c hart.�).

Prediction:

c

1

= ( H

1

 B

1

) 2 C

c

2

= ( H

2

 B

2

) 2 P

c

3

= ( S  B

0

2

[ � ) 2 C

where c

1

is non-unit, c

2

is unit or non-unit, S is the selected atom in B

1

, � is

the L -constrain t in B

1

, and there exists a v arian t c

0

2

= ( S  B

0

2

) of c

2

s.t.

V ( c

1

) \ V ( B

0

2

) � V ( S ) and the L -constrain t �

0

of c

3

is satis�able.

2

Prediction is called �instan tiation� in P ereira and W arren (1983) and completion corresp onds to their �reso-

lution�. In con text-free Earley parsing standardly a distinction b et w een �predictor�, �scanner� and �completer�

op erations is made. The �rst op eration corresp onds to prediction and the latter t w o op erations are subsumed

b y the completion op eration of the Earley decuction framew ork de�ned b elo w.



112 Chapter 4. Probabilistic CLP

Completion:

c

1

= ( H

1

 B

1

) 2 C

c

2

= ( H

2

 B

2

) 2 C

c

3

= ( H

1

 ( B

1

n S ) [ B

0

2

) 2 C

where c

1

is non-unit, c

2

is unit, S is the selected atom in B

1

, and there exists a

v arian t c

0

2

= ( S  B

0

2

) of c

2

s.t. V ( c

1

) \ V ( B

0

2

) � V ( S ) and the L -constrain t �

0

of

c

3

is satis�able.

These rules can b e rationalized as follo ws: The prediction rule prop oses for the selected

atom of a clause c

1

a p ossible v arian t of a program clause c

2

using whic h an

r ;c

� ! -step, i.e., a

com bined goal-reduction and constrain t-solving step, can b e p erformed. F or a unit clause c

2

,

the completion rule then p erforms a com bined

r ;c

� ! -step on the lefthandside atom of c

2

and

substitutes this selected atom in clause c

1

b y the resulting righ thandside L -constrain t. Both

rules collect the L -constrain ts of the an teceden t clauses and tak e care of successful constrain t

solving and prev en t acciden tal v ariable sharing in the consequen t clause.

Clearly , this com bination of top-do wn prediction and b ottom-up completion de�nes a

searc h rule whic h can reduce the parsing complexit y in comparison to bac ktrac king meth-

o ds. Ho w ev er, to mak e these inference rules a w ork able algorithm, sev eral issues concerning

the e�ectiv e applicabilit y of Earley deduction to di�eren t purp oses ha v e to b e addressed. Since

these topics are not of direct relev ance for our problem, w e refer the reader to the extensiv e lit-

erature on this sub ject (see, e.g., P ereira and Shieb er (1987), Dörre (1993), Dörre and Johnson

(1995)).

Let us illustrate the basic concepts of Earley deduction with a simple feature-based CLG.

In the follo wing example w e will mak e use of a standard tec hnique for string p osition indexing,

e.g., the indexed clause

sign ( X ; 0 ; 1)  X = �:

abbreviates an actual CLP clause

sign ( X ; Y ; Z )  X = � & Y = 0 & Z = 1 :

where the constan ts 0 and 1 denote the start and end p osition of the span of the predicate

in the input string. The string p osition can b e read o� for unit clauses from the lefthandside

atom, but for non-unit clauses from the �rst string p osition argumen t of the head atom and

the �rst string p osition argumen t of the leftmost atom in the b o dy . Note that string p osition

indexing is not men tioned in the de�nition of the inference rules for Earley deduction. In fact,
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this indexing is not necessary for Earley deduction to w ork. Rather, it is an e�ectiv e w a y to

reduce the n um b er of unsuccesful rule applications in an implemen tation, and will also mak e

our example more transparen t.

Let us return for illustration to the simple example of Fig. 3.5. An indexed v arian t of this

program is giv en in Fig. 4.6.

1 phrase ( X ; S

0

; S )  X = ( phr ase ^ CA T : s ^ DTR1:CA T : n ^ DTR2:CA T :

v ^ DTR1:A GR : Y ^ DTR2:A GR : Y ^ DTR1 : Z

1

^ DTR2 :

Z

2

) & sign ( Z

1

; S

0

; S

1

) & sign ( Z

2

; S

1

; S ) .

2 phrase ( X ; S

0

; S )  X = ( phr ase ^ CA T : np ^ DTR1:CA T : n ^ DTR2:CA T : n ^ DTR1 :

Z

1

^ DTR2 : Z

2

) & sign ( Z

1

; S

0

; S

1

) & sign ( Z

2

; S

1

; S ) .

3 word ( X ; 0 ; 1)  X = ( w or d ^ CA T : n ^ PHON : C l inton ^ A GR : sg ) .

4 word ( X ; 1 ; 2)  X = ( w or d ^ CA T : v ^ PHON : tal k s ^ A GR : sg ) .

5 word ( X ; 1 ; 2)  X = ( w or d ^ CA T : n ^ PHON : tal k s ^ A GR : pl ) .

6 sign ( X ; S

0

; S )  phrase ( X ; S

0

; S ) .

7 sign ( X ; S

0

; S )  word ( X ; S

0

; S ) .

Figure 4.6: Indexed feature-based constrain t logic grammar

An application of Earley deduction to parsing the query

sign ( X ; 0 ; 2) & X = ( sig n ^ DTR1: PHON : C l inton ^ DTR2: PHON : tal k s ) :

denoting the input sen tence

0

C l inton

1

tal k s

2

:

is giv en in Figs. 4.7 and 4.8.

A con v enien t w a y to illustrate graphically the relation of deriv ed items in a c hart to partial

parses of an input sen tence is b y a c hart graph. An c hart graph for the sequence of deriv ed

clauses of Figs. 4.7 and 4.8 is giv en in Fig. 4.9. This graph asso ciates the n um b ers of deriv ed

clauses with directed edges whic h connect input string p osition no des. Edges whic h p oin t

from a no de to the no de itself are attac hed with the n um b ers of clauses deriv ed b y prediction

with non-unit clauses. In the language of con text-free Earley parsing, suc h edges represen t

predictions on non-terminal sym b ols. Scanning of terminal sym b ols is represen ted b y edges

connecting a no de with the next no de on its righ t. Suc h edges are attac hed with the n um b ers

of clauses deriv ed b y prediction with unit clauses. Completion of non-terminal sym b ols is
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9  sign ( X ; 0 ; 2) & X = ( sig n ^ DTR1: PHON : C l inton ^ DTR2: PHON : tal k s ) : (I)

10 sign ( X ; 0 ; 2)  phrase ( X ; 0 ; 2) & X = ( sig n ^ DTR1: PHON : C l inton ^

DTR2: PHON : tal k s ) :

(P 9,6 )

11 phrase ( X ; 0 ; 2)  sign ( Z

1

; 0 ; S

1

) & sign ( Z

2

; S

1

; 2) & X = ( phr ase ^ CA T : s ^ DTR1 :

w or d ^ DTR1: CA T : n ^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR2 :

w or d ^ DTR2: CA T : v ^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR1 :

Z

1

^ DTR2 : Z

2

) :

(P 10,1 )

12 sign ( Z

1

; 0 ; S

1

)  word ( Z

1

; 0 ; S

1

) & X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^

DTR1: CA T : n ^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR2 :

w or d ^ DTR2: CA T : v ^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR1 :

Z

1

^ DTR2 : Z

2

) :

(P 11,7 )

13 word ( Z

1

; 0 ; 1)  X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T :

n ^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR1: A GR : sg ^ DTR2 :

w or d ^ DTR2: CA T : v ^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR2: A GR :

sg ^ DTR1 : Z

1

^ DTR2 : Z

2

) :

(P 12,3 )

14 phrase ( X ; 0 ; 2)  sign ( Z

1

; 0 ; S

1

) & sign ( Z

2

; S

1

; 2) & X = ( phr ase ^ CA T : np ^

DTR1 : w or d ^ DTR1: CA T : n ^ DTR1: PHON : C l inton ^ DTR2 : w or d ^

DTR2: CA T : n ^ DTR2: PHON : tal k s ^ DTR1 : Z

1

^ DTR2 : Z

2

) .

(P 10,2 )

15 sign ( Z

1

; 0 ; S

1

)  word ( Z

1

; 0 ; S

1

) & X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^

DTR1: CA T : n ^ DTR1: PHON : C l inton ^ DTR2 : w or d ^ DTR2: CA T :

n ^ DTR2: PHON : tal k s ^ DTR1 : Z

1

^ DTR2 : Z

2

) .

(P 14,7 )

16 word ( Z

1

; 0 ; 1)  X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T :

n ^ DTR1: PHON : C l inton ^ DTR1: A GR : sg ^ DTR2 : w or d ^ DTR2: CA T :

n ^ DTR2: PHON : tal k s ^ DTR1 : Z

1

^ DTR2 : Z

2

) .

(P 15,3 )

17 sign ( Z

1

; 0 ; 1)  X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T :

n ^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR1: A GR : sg ^ DTR2 :

w or d ^ DTR2: CA T : v ^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR2: A GR :

sg ^ DTR1 : Z

1

^ DTR2 : Z

2

) :

(C 12,13 )

18 phrase ( X ; 0 ; 2)  sign ( Z

2

; 1 ; 2) & X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^

DTR1: CA T : n ^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR1: A GR :

sg ^ DTR2 : w or d ^ DTR2: CA T : v ^ DTR2: PHON : tal k s ^ DTR2: A GR :

Y ^ DTR2: A GR : sg ^ DTR1 : Z

1

^ DTR2 : Z

2

) :

(C 11,17 )

19 sign ( Z

1

; 0 ; 1)  X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T :

n ^ DTR1: PHON : C l inton ^ DTR1: A GR : sg ^ DTR2 : w or d ^ DTR2: CA T :

n ^ DTR2: PHON : tal k s ^ DTR1 : Z

1

^ DTR2 : Z

2

) .

(C 15,16 )

20 phrase ( X ; 0 ; 2)  sign ( Z

2

; 1 ; 2) & X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^

DTR1: CA T : n ^ DTR1: PHON : C l inton ^ DTR1: A GR : sg ^ DTR2 :

w or d ^ DTR2: CA T : n ^ DTR2: PHON : tal k s ^ DTR1 : Z

1

^ DTR2 : Z

2

) .

(C 14,19 )

Figure 4.7: Earley deduction c hart
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21 sign ( Z

2

; 1 ; 2)  word ( Z

2

; 1 ; 2) & X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^

DTR1: CA T : n ^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR1: A GR :

sg ^ DTR2 : w or d ^ DTR2: CA T : v ^ DTR2: PHON : tal k s ^ DTR2: A GR :

Y ^ DTR2: A GR : sg ^ DTR1 : Z

1

^ DTR2 : Z

2

) :

(P 18,7 )

22 word ( Z

2

; 1 ; 2)  X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T :

n ^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR1: A GR : sg ^ DTR2 :

w or d ^ DTR2: CA T : v ^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR2: A GR :

sg ^ DTR1 : Z

1

^ DTR2 : Z

2

) :

(P 21,4 )

23 sign ( Z

2

; 1 ; 2)  word ( Z

2

; 1 ; 2) & X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^

DTR1: CA T : n ^ DTR1: PHON : C l inton ^ DTR1: A GR : sg ^ DTR2 :

w or d ^ DTR2: CA T : n ^ DTR2: PHON : tal k s ^ DTR1 : Z

1

^ DTR2 : Z

2

) :

(P 20,7 )

24 word ( Z

2

; 1 ; 2)  X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T :

n ^ DTR1: PHON : C l inton ^ DTR1: A GR : sg ^ DTR2 : w or d ^ DTR2: CA T :

n ^ DTR2: PHON : tal k s ^ DTR2: A GR : pl ^ DTR1 : Z

1

^ DTR2 : Z

2

) :

(P 23,5 )

25 sign ( Z

2

; 1 ; 2)  X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T :

n ^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR1: A GR : sg ^ DTR2 :

w or d ^ DTR2: CA T : v ^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR2: A GR :

sg ^ DTR1 : Z

1

^ DTR2 : Z

2

) :

(C 21,22 )

26 phrase ( X ; 0 ; 2)  X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T :

n ^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR1: A GR : sg ^ DTR2 :

w or d ^ DTR2: CA T : v ^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR2: A GR :

sg ^ DTR1 : Z

1

^ DTR2 : Z

2

) :

(C 18,25 )

27 sign ( X ; 0 ; 2)  X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T :

n ^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR1: A GR : sg ^ DTR2 :

w or d ^ DTR2: CA T : v ^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR2: A GR :

sg ^ DTR1 : Z

1

^ DTR2 : Z

2

) :

(C 10,26 )

28 sign ( Z

2

; 1 ; 2)  X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T :

n ^ DTR1: PHON : C l inton ^ DTR1: A GR : sg ^ DTR2 : w or d ^ DTR2: CA T :

n ^ DTR2: PHON : tal k s ^ DTR2: A GR : pl ^ DTR1 : Z

1

^ DTR2 : Z

2

) :

(C 23,24 )

29 phrase ( X ; 0 ; 2)  X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T :

n ^ DTR1: PHON : C l inton ^ DTR1: A GR : sg ^ DTR2 : w or d ^ DTR2: CA T :

n ^ DTR2: PHON : tal k s ^ DTR2: A GR : pl ^ DTR1 : Z

1

^ DTR2 : Z

2

) :

(C 20,28 )

30 sign ( X ; 0 ; 2)  X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T :

n ^ DTR1: PHON : C l inton ^ DTR1: A GR : sg ^ DTR2 : w or d ^ DTR2: CA T :

n ^ DTR2: PHON : tal k s ^ DTR2: A GR : pl ^ DTR1 : Z

1

^ DTR2 : Z

2

) :

(C 10,29 )

Figure 4.8: Earley deduction c hart, con t.
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Figure 4.9: Chart graph
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represen ted b y edges connecting a no de with a no de p ossibly further on its righ t. Suc h no des

are attac hed with the n um b ers of clauses deriv ed b y the completion rule.

There are t w o parses of the ab o v e input sen tence hidden in the Earley deduction c hart

of Figs. 4.7 and 4.8. In the c hart graph of Fig. 4.9, these t w o parses are represen ted b y the

upp er and lo w er half of the symmetric graph. F rom eac h of the t w o �nal completed clauses,

27 and 30 , a pro of tree represen ting a parse can b e reconstructed using the algorithm of Def.

4.6. This algorithm de�nes the construction of partial pro of trees from completed clauses, and

when applied recursiv ely , p ermits the construction of pro of trees from a giv en Earley deduction

c hart.

De�nition 4.6. L et c

k

b e a c omplete d clause derive d fr om clauses c

i

and c

j

, let t

i

and t

j

b e

the unique p artial pr o of tr e es c orr esp onding to c

i

and c

j

, and de�ne for e ach pr e dicte d clause

( E  F ) a p artial pr o of tr e e

E

j

F

. Then the p artial pr o of tr e e t ( t

i

; t

j

) c orr esp onding to c

k

is

c onstructe d s.t.

t ( t

i

; t

j

) =

8

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

:

t

i

�

t

j

if b oth c

i

; c

j

ar e c omplete d clauses,

t

i




t

j

if one or b oth c

i

; c

j

ar e pr e dicte d clauses,

and

.

.

.

A

t

1

j

� = B [ C

t

2

j

D

.

.

.

,

.

.

.

A

t

1

j


 = B

t

2

j

B n C [ D

.

.

.

, if

.

.

.

t

1

= A

j

B

,

C

j

t

2

= D

.

.

.

.

The pro of tree for completed clause 27 , corresp onding to the parse [ C l inton

N

tal k s

V

]

S

,

is the pro of tree of Fig. 2.8 and rep eated here in Fig. 4.10. The parse [ C l inton

N

tal k s

N

]

N P

is deriv ed via the pro of tree of Fig. 2.9, rep eated here in Fig. 4.11, and can b e reconstructed

from completed clause 30 .

4.9.2 Probabilistic CLGs and the Viterbi Algorithm

T urning to probabilistic CLGs, w e see that b ecause CLGs are simply instances of CLP , all

tec hniques dev elop ed for statistical inference of probabilistic CLP apply to probabilistic CLGs
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�

2

:

X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR1: A GR : sg ^ DTR2 : w or d

^ DTR2: CA T : v ^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR2: A GR : sg )

X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR1: A GR : sg ^ DTR2 : w or d

^ DTR2: CA T : v ^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR2: A GR : sg

^ DTR2 : Z

2

) & word ( Z

2

)

X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR1: A GR : sg ^ DTR2 : w or d

^ DTR2: CA T : v ^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR2: A GR : sg

^ DTR2 : Z

2

) & sign ( Z

2

)

X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR2 : w or d ^ DTR2: CA T : v

^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR1 : Z

1

^ DTR2 : Z

2

)

& word ( Z

1

) & sign ( Z

2

)

�

1

:

X = ( phr ase ^ CA T : s ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : Y ^ DTR2 : w or d ^ DTR2: CA T : v

^ DTR2: PHON : tal k s ^ DTR2: A GR : Y ^ DTR1 : Z

1

^ DTR2 : Z

2

)

& sign ( Z

1

) & sign ( Z

2

)

X = ( sig n ^ DTR1: PHON : C l inton ^ DTR2: PHON : tal k s )

& phrase ( X )

X = ( sig n ^ DTR1: PHON : C l inton ^ DTR2: PHON : tal k s )

& sign ( X )

Figure 4.10: Pro of tree for [ C l inton

N

tal k s

V

]

S
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�

4

:

X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : sg ^ DTR2 : w or d

^ DTR2: CA T : n ^ DTR2: PHON : tal k s ^ DTR2: A GR : pl )

X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : sg ^ DTR2 : w or d

^ DTR2: CA T : n ^ DTR2: PHON : tal k s ^ DTR2 : Z

2

)

& word ( Z

2

)

X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR1: A GR : sg ^ DTR2 : w or d

^ DTR2: CA T : n ^ DTR2: PHON : tal k s ^ DTR2 : Z

2

)

& sign ( Z

2

)

X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR2 : w or d ^ DTR2: CA T : n

^ DTR2: PHON : tal k s ^ DTR1 : Z

1

^ DTR2 : Z

2

)

& word ( Z

1

) & sign ( Z

2

)

�

3

:

X = ( phr ase ^ CA T : np ^ DTR1 : w or d ^ DTR1: CA T : n

^ DTR1: PHON : C l inton ^ DTR2 : w or d ^ DTR2: CA T : n

^ DTR2: PHON : tal k s ^ DTR1 : Z

1

^ DTR2 : Z

2

)

& sign ( Z

1

) & sign ( Z

2

)

X = ( sig n ^ DTR1:PHON : C l inton ^ DTR2: PHON : tal k s )

& phrase ( X )

X = ( sig n ^ DTR1: PHON : C l inton ^ DTR2: PHON : tal k s )

& sign ( X )

Figure 4.11: Pro of tree for [ C l inton

N

tal k s

N

]

N P
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without mo di�cation. The simplest w a y to insp ect a probabilit y distribution on parses is to

list the resp ectiv e pro of trees and calculate their probabilities from the subtree-prop erties

and the corresp onding parameters. An imaginable probabilit y mo del for the pro of trees of

Figs. 4.10 and 4.11 could tak e as prop erties the subtrees in tro duced b y the clauses whic h

are resp onsible for the t w o di�eren t readings of the input sen tence, namely clauses 1 , 4 , 2 ,

and 5 . The resp ectiv e prop erties �

1

; �

2

; �

3

; and �

4

are depicted in Figs. 4.10 and 4.11 as

framed parts of the pro of trees. MLE from a large natural language corpus for the parameters

�

1

; �

2

; �

3

and �

4

corresp onding to these prop erties w ould probably return a higher w eigh t for

parameters �

1

and �

2

than for �

3

and �

4

. Th us this probabilit y mo del w ould tell the pro of

tree of Fig. 4.10, corresp onding to the parse [ C l inton

N

tal k s

V

]

S

, to b e more probable giv en

the input sen tence C l inton tal k s than the pro of tree of Fig. 4.11, corresp onding to the parse

[ C l inton

N

tal k s

N

]

N P

.

Ho w ev er, if w e are in terested in the most probable parse of a sen tence, listing all p ossible

parses ma y b e to o costly in general, ev en if the parses just ha v e to b e extracted from a

c hart. Clearly , it w ould b e nice if w e could mak e use of the structure of the probabilistic

mo del to guide the searc h for the most probable parse. The Viterbi algorithm (Viterbi (1967),

F orney (1973)) for �nding the most probable parse implemen ts this idea using a dynamic-

programming approac h as follo ws: During deriv ation, eac h deriv ation state m ust k eep trac k

of the most probable path of deriv ation states leading to w ards it. When the �nal deriv ation

state is reac hed, the maxim um probabilit y deriv ation can b e reco v ered b y tracing bac k the

stored path of most probable deriv ation states.

Clearly , di�eren t sp eci�cations of this algorithm dep end on the c hosen parsing strategy

and on the underlying probabilit y mo del. F or example, Stolc k e (1993) computes a Viterbi

parse for probabilistic con text-free grammars in a framew ork of probabilistic Earley parsing

as follo ws: During deriv ation, eac h completed item k eeps trac k of the most probable path

of items con tributing to it. The rule probabilities are propagated recursiv ely b y asso ciating

eac h predicted item with the probabilit y of the rewriting rule used in the prediction, and

b y recording for eac h completed item the pro duct of probabilities of the pair of items that

con tributes with maximal v alue to the completion. Storing at eac h completion step the item-

pair leading to the maxim um, �nally yields a path of most probable items from whic h the

most probable deriv ation can b e retriev ed.

Under certain restrictions on the parsing strategy and on the probabilistic searc h metho d,

the idea of the Viterbi algorithm is applicable to Earley deduction for log-linear probabilistic

CLGs as follo ws.

Concerning the parsing strategy , let us strictly adhere to the de�nition of Earley deduction

giv en ab o v e. That is, w e only sp eak of an am biguous deriv ation of a completed clause if more

than one pair of clauses yields via completion the same clause with the same v ariable binding.

That is, in this setting a n umerical comparison at a completion step is done only b et w een
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clause-pairs con tributing via completion to the same �instan tiated� clause.

Considering the probabilistic searc h metho d, Stolc k e (1993)'s mo del of Viterbi parsing can

b e reconstructed if w e iden tify the prop erties of the log-linear mo del with program clauses.

If prop erties are allo w ed to b e subtrees of pro of trees, things are more complictated. In this

setting, in order to compare n umerically b et w een alternativ es, w e ha v e to incremen tally build

up partial pro of trees and c hec k their prop erties during deriv ation.

First, w e ha v e to de�ne a function w to calculate the w eigh t of a partial pro of tree t

k

under

a log-linear probabilit y mo del p

�

.

De�nition 4.7. L et C b e an Earley de duction chart for query G and pr o gr am P , let X b e the

set of pr o of tr e es for G fr om P , and let p

�

b e a lo g-line ar distribution on X . Then the weight

w of a p artial pr o of tr e e t

k

c onstructable for a c omplete d clause c

k

2 C is de�ne d s.t.

w ( t

k

) = e

� � � ( t

k

)

:

F urthermore, a n umerical comparison b et w een alternativ es leading to the same completion

requires the partial pro of trees corresp onding to the alternativ e completions to include only

completely built-up subtree-prop erties. This is necessary to a v oid the outranking of highly

w eigh ted partial pro of trees b y lo w er w eigh ted partial pro of trees at a completion step where

the highly w eigh ted subtree-prop erties cannot y et b e tak en under consideration. F or an ap-

propriate partial ordering on trees based on an op eration � , w e can ensure that partial pro of

trees include only completely built-up prop erties as follo ws.

A partial pro of tree t

k

is complete for a prop ert y-v ector � = ( �

1

; : : : ; �

n

) i� for

eac h i = 1 ; : : : ; n : �

i

� t

k

or else �

i

\ t

k

= ; .

The algorithm of Def. 4.6 can b e used for a recursiv e comparison as follo ws. Note that w e use

the de�nition of v arian t giv en in Chap. 2 for the sp eci�cation of an equiv alence class of clauses

to b e compared.

F or eac h equiv alence class [ c

k

] of completed clauses, record the partial pro of tree

t

�

k

= arg max

t

k

w ( t

k

) , where [ c

k

] = f c 2 C j c is a v arian t of c

k

, and there exist clauses

c

i

and c

j

in C from whic h c is deriv able via completion g , and t

k

2 f t ( t

�

i

; t

�

j

) j t

�

i

and

t

�

j

are the high test w eigh ted complete partial pro of trees corresp onding to clauses

c

i

and c

j

g .

Clearly , giv en the ab o v e restrictions, this pro cedure will yield the most probable pro of tree

for a giv en query to a program. The p ossible sa vings in computational complexit y induced b y

this pro cedure dep end on the size of the subtree-prop erties to b e w ork ed out during the searc h
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a b f

e

Figure 4.12: T yp e hierarc h y

pro cess. That is, small subtrees will p ermit an e�cien t pruning at nearly eac h completion step

whereas subtrees connecting no des o v er long distances ma y in the w orst case yield no gain in

e�ciency at all.

4.9.3 Heuristic Searc hing for Most Probable P arses

Ho w ev er, the e�ectiv e applicabilit y of the searc h pro cedure stated ab o v e strongly dep ends the

form of the grammars under consideration. That means, for particular CLGs, it is ine�cien t

to restrict the n umerical selection only to alternativ e completions whic h lead to the same

clause with the same v ariable binding. The storing of v ariable bindings in eac h step of an

Earley deduction pro cedure is necessary to enable partial pro ofs to b e reused in other partial

pro ofs. Unfortunately , deriving a new clause with eac h new v ariable binding ma y in tro duce

o v erhead whic h causes in the w orst case an exp onen tial searc h cost. This can b e the case, e.g.,

for grammars whic h enco de parses en tirely via v ariable bindings, i.e., via L -constrain ts, and

in not via predicates, i.e., R ( L ) -atoms. The extreme ends of the sp ectrum of suc h examples

can b e mark ed, e.g., for the �rst case b y CLGs resulting from a direct application of the

compilation pro cedure of Götz (1995). This pro cedure translates HPSG descriptions in to the

L -constrain ts of a CLP fragmen t using a single R ( L ) -atom for pro cessing. An example for

the second case are de�nite clause grammars suc h as those presen ted in P ereira and W arren

(1983) whic h enco de eac h grammar sym b ol as a distinct CLP predicate. F or cases lik e the

�rst, it w ould b e more e�ectiv e if one could compare alternativ e completions leading to a

v arian t of a CLP clause irresp ectiv e of the v ariable bindings. Unfortunately , this approac h

to comparing �uninstan tiated� completed clauses in tro duces a con text-dep endence problem

caused b y incompatible v ariable bindings. That is, w e are confron ted here with a trade-o�

b et w een e�ciency and correctness of the searc h metho d.

Let us illustrate this con text-dep endence problem with a simple example. F or illustration

w e use the program of Fig. 4.1, rep eated here in Fig. 4.13, with L -constrain ts from a language

of hierarc hcal t yp es. The ordering on the t yp es is depicted in Fig. 4.12.

An Earley deduction c hart for the query s ( Z ) & Z = e is giv en in Fig. 4.14.

Let the prop erties �

1

to �

5

of a probabilit y distribution o v er the pro of trees corresp onding

to the Earley deduction c hart of Fig. 4.14 b e de�ned as the framed subtrees sho wn in Fig.

4.15. F urthermore, let the corresp onding parameter v alues b e �

1

= ln 2 ; �

2

= ln 3 ; �

3

=
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1 s ( Z )  p ( Z ) & q ( Z ) :

2 p ( Z )  Z = a:

3 p ( Z )  Z = b:

4 p ( Z )  Z = f :

5 q ( Z )  Z = a:

6 q ( Z )  Z = b:

Figure 4.13: Constrain t logic program

7  s ( Z ) & Z = e . (I)

8 s ( Z )  p ( Z ) & q ( Z ) & Z = e . (P 7,1 )

9 p ( Z )  Z = a . (P 8,2 )

10 p ( Z )  Z = b . (P 8,3 )

11 p ( Z )  Z = f . (P 8,4 )

12 s ( Z )  q ( Z ) & Z = a . (C 8,9 )

13 s ( Z )  q ( Z ) & Z = b . (C 8,10 )

14 s ( Z )  q ( Z ) & Z = f . (C 8,11 )

15 q ( Z )  Z = a . (P 12,5 )

16 q ( Z )  Z = b . (P 13,6 )

17 s ( Z )  Z = a . (C 12,15 )

18 s ( Z )  Z = b . (C 13,16 )

Figure 4.14: Earley deduction c hart

ln 5 ; �

4

= ln 5 and �

5

= ln 3 . No w let us tak e a lo ok at ho w the probabilit y mo del de�ned b y

these prop erties and parameters guides the searc h for the most probable pro of tree of query

s ( Z ) & Z = e from the program of Fig. 4.13. The �rst decision to b e made is b et w een the

completed clauses 12 , 13 and 14 , whic h di�er only b y their v ariable bindings, i.e., b y their

L -constrain ts. The partial pro of trees corresp onding to these clauses, t

12

, t

13

and t

14

, are

sho wn in Fig. 4.15. Ho w ev er, t

14

, the highest w eigh ted of these partial pro of trees, is not

included in an y pro of tree, t

17

or t

18

, corresp onding to the �nal completion steps. That is, in

this case the probabilistic searc h has not only missed the most probable pro of tree but has

led to failure! Ev en if w e ignore the clauses con tributing to this failure, namely clauses 4 , 11

and 14 , a problem still remains. In this case, w ( t

13

) > w ( t

12

) , and the w eigh t of pro of tree

t

18

including the b est partial pro of tree t

13

is w ( t

18

) = 9 . Ho w ev er, the w eigh t of pro of tree

t

17

including the partial pro of tree t

12

, whic h w e just ha v e thro wn a w a y , is w ( t

17

) = 10 and

w ( t

17

) > w ( t

18

) . Th us in this case the probabilistic searc h metho d has led us to the lo w er

w eigh ted pro of tree.

Clearly , the �rst of these problems can b e solv ed b y constructing the Earley deduction c hart

in adv ance and b y c hec king the terminal L -constrain t of eac h partial pro of tree corresp onding

to an alternativ e completion against the L -constrain ts of the �nal completion steps in the

c hart. This can b e accomplished b y the the follo wing re-de�nition of the equiv alence class [ c

k

]
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t

12

: t

13

: t

14

:

�

1

q ( Z ) & Z = a

p ( Z ) & q ( Z ) & Z = e

s ( Z ) & Z = e

�

2

q ( Z ) & Z = b

p ( Z ) & q ( Z ) & Z = e

s ( Z ) & Z = e

�

3

q ( Z ) & Z = f

p ( Z ) & q ( Z ) & Z = e

s ( Z ) & Z = e

t

17

: t

18

:

�

4

Z = a

�

1

q ( Z ) & Z = a

p ( Z ) & q ( Z ) & Z = e

s ( Z ) & Z = e

�

5

Z = b

�

2

q ( Z ) & Z = b

p ( Z ) & q ( Z ) & Z = e

s ( Z ) & Z = e

Figure 4.15: P artial pro of trees

of completed clauses whic h is sub ject to a n umerical comparison in a completion step. Note

that w e refer here to the de�nition of v ariable renaming giv en in Chap. 2.

Let C b e an Earley deduction c hart for query G and program P , c

k

= ( A  

B

1

& : : : B

n

&  ) b e a clause in C , and c

0

k

= c

k

n  . Then an equiv alence class [ c

k

]

of completed clauses in C is de�ned s.t.

[ c

k

] = f c 2 C j there exist clauses c

i

and c

j

in C from whic h clause c = ( C  

D

1

& : : : & D

m

& � ) is deriv able via completion, c

0

= c n � is obtained from c

0

k

b y sim ultaneously replacing eac h o ccurence of a v ariable X in c

0

k

b y a renamed

v ariable � ( X ) for all v ariables X 2 V ( c

0

k

) for a renaming � , and there exists

a satis�able L -constrain t � & ' for at least one �nal completed clause in C

with L -constrain t ' g .

Ho w ev er, the latter of the problems stated ab o v e is solv able only at the cost of re-

in tro ducing the restriction to compare only �instan tiated� v arian ts of completed clauses, i.e.,

v arian ts of clauses with the same L -constrain ts. Eac h searc h algorithm whic h allo ws �unin-

stan tiated� v arian ts of completed clauses to b e compared, necessarily pro vides only a heuristic

searc h pro cedure in the sense that it do es not guaran tee that the most probable pro of tree

is found. A ccording to the de�nition of [ c

k

] , the equiv alence class of completed clauses whic h

are compared in a completion step, and the satisfaction of the completeness requiremen t on
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partial pro of trees, the algorithm of T able 4.9.3 de�nes either an appro ximate heuristic or a

true b est-parse searc h algorithm.

An approac h to a Viterbi-lik e heuristic searc h pro cedure similar to ours is used b y Carroll

and Brisco e (1992) for searc hing the parse forest pro duced b y their probabilistic LR parser for

uni�cation-based grammars. There also the parse forest m ust b e built up completely b efore

unpac king to ensure that the searc h algorithm do es pursue successful deriv ations.

On the whole, the decision b et w een a p ossibly more e�cien t, but only appro ximate heuris-

tic pro cedure and a p ossibly ine�cien t, but optimal Viterbi algorithm has to b e made with

resp ect to particular classes of CLGs in mind. F urthermore, if a heuristic searc h pro cedure is

used, an alternativ e to completing the c hart in adv ance is to using a bac ktrac king pro cedure in

connection with an incremen tal computation of clauses and corresp onding b est partial pro of

trees.

Input Log-linear mo del p

�

on set X of pro of trees for goal G from program P ,

w eigh t function w , tree-constructor function t , Earley deduction algorithm,

c hoice of equiv alence class of completed clauses.

Output Best pro of tree t

�

k

for G from P .

Pro cedure

Un til no clauses can b e added

Compute clauses b y Earley deduction algorithm,

If c

k

is a completed clause,

Then w

�

:= 0 , compute [ c

k

] ,

If [ c

k

] = [ c

l

] for some l < k ,

Then t

�

k

:= t

�

l

,

Else for eac h c 2 [ c

k

] ,

F or eac h c

i

; c

j

whic h deriv e c via completion,

Compute the b est pro of tree t

�

i

for c

i

,

Compute the b est pro of tree t

�

j

for c

j

,

t

k

:= t ( t

�

i

; t

�

j

) ,

If w ( t

k

) > w

�

,

Then w

�

:= w ( t

k

) ; t

�

k

:= t

k

,

Else delete c ,

Return t

�

k

.

T able 4.13: Algorithm (Best-P arse Searc h)



126 Chapter 4. Probabilistic CLP

4.10 Summary and Discussion

In this c hapter w e presen ted a probabilistic mo del for CLP and a no v el metho d for statisti-

cal inference ab out the parameters of suc h mo dels from incomplete data. W e discussed the

problems of previous approac hes whic h applied Baum's estimation tec hnique for sto c hastic

con text-free mo dels to estimation of sto c hastic constrain t-based mo dels. W e sho w ed with a

coun terexample that this incomplete-data estimation metho d do es not generally yield the

desired maxim um lik eliho o d v alues when applied to constrain t-based systems. T o o v ercome

the inheren t con text-dep endence problem of suc h systems, w e in tro duced a p o w erful log-linear

probabilit y mo del for CLP . F urthermore, w e presen ted a new algorithm to infer the parameters

of log-linear mo dels, and also the prop erties of suc h parametric mo dels, from incomplete train-

ing data. W e sho w ed monotonicit y and con v ergence of the algorithm to the desired maxim um

lik eliho o d estimates and applied it exp erimen tally to estimation of a CLG on a small scale.

F urthermore, w e discussed v arious metho ds for appro ximate computation of the form ulae in-

v olv ed in the inference task, and presen ted metho ds whic h use the structure of the probabilitic

mo del to guide the searc h for the most probable analysis. T o this end w e presen ted an appro x-

imate heuristic searc h algorithm based on dynamic programming tec hniques. Dep ending on

the class of grammars under consideration, this algorithm can pro vide a considerable e�ciency

gain in searc hing for the most probable analysis.

In comparison to the w ork on quan titativ e CLP presen ted ab o v e, the adv an tages of proba-

bilistic CLP are clearly the p ossibilit y to use automatic tec hniques for statistical inference for

parameter estimation and prop ert y selection. Rather, our incomplete-data inference algorithm

is general enough to b e applicable to log-linear probabilit y distributions in general, and th us

is useful in other incomplete-data settings as w ell. In this c hapter the algorithm has esp ecially

b een sho wn to b e useful for probabilistic con text-sensitiv e NLP mo dels. In con trast to related

approac hes suc h as that of Magerman (1994), Ratnaparkhi (1998) or Go o dman (1998), whic h

require fully annotated corp ora for estimation, our statistical inference algorithm pro vides

general means for automatic and reusable training of arbitrary probabilistic constrain t-based

grammars from unannotated corp ora. F urthermore, our approac h is the �rst one since the

in tro duction of log-linear mo dels in to the discussion of probabilistic parsing b y Abney (1996)

whic h ev aluates exp erimen tally the usefulness of general log-linear mo dels on CLGs.



Chapter 5

Conclusion

In this �nal c hapter w e presen t a short summary of the w ork of this thesis. W e compare the

adv an tages and shortcomings of the t w o presen ted approac hes to quan titativ e and probabliistic

CLP relativ e to eac h other and relativ e to other approac hes. Not surprisingly , the presen ted

w ork is not de�nitiv e but raises sev eral questions whic h could not b e answ ered in the course

of this thesis. These questions will b e dealt with when w e discuss future con tin uations of the

presen ted w ork.

5.1 Summary

In this thesis, w e ha v e presen ted new mathematical and algorithmic tec hniques for quan titativ e

and statistical inference in constrain t-based NLP . W e ha v e c hosen the general concepts of CLP

as the formal framew ork to deal with constrain t-based NLP , yielding CLGs as instances of

CLP . Aiming at a general solution of the problem of structural am biguit y in CLGs, w e ha v e

presen ted t w o indep enden t approac hes to w eigh ted CLGs.

The �rst approac h, called quan titativ e CLP , is situated in a clear logical framew ork, and

presen ts a sound and complete system of quan titativ e inference for de�nite clauses with sub jec-

tiv e w eigh ts attac hed to them. This approac h p ermits to sp ecify w eigh ts in arbitrary w a ys, e.g.,

as sub jectiv e probabilities, user-de�ned preference v alues, or degrees of grammaticalit y , and

to use searc h tec hniques suc h as alpha-b eta pruning for �nding the maximally w eigh ted pro of

tree for a giv en set of queries e�cien tly . Related previous w ork either fo cussed solely on formal

seman tics of quan titativ e logic programs without sp eci�c applications in mind, or presen ted

only informal attac hmen ts of w eigh ts to grammar comp onen ts for the aim of w eigh t-based

pruning in natural language parsing. Our approac h is the �rst one to com bine w eigh t-based

parsing for constrain t-based systems with a rigid formal seman tics for suc h quan titativ e infer-

ence systems.
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The second approac h, called probabilistic CLP , addresses the problem of structural am bi-

guit y resolution b y a completely di�eren t form of w eigh ted CLGs. Here a log-linear probabilit y

mo del is presen ted whic h de�nes a probabilit y distribution o v er the pro of trees of a constrain t

logic program on the basis of w eigh ts assigned to arbitrary prop erties of these trees. The

p ossibilit y to de�ne arbitrary features of pro of trees as suc h prop erties and to estimate appro-

priate w eigh ts for them p ermits the probabilistic mo deling of arbitrary con text-dep endencies.

In this thesis w e �rstly ev aluate empirically the applicabilit y and feasibilit y of estimation of

general log-linear mo dels on CLGs. In con trast to previous approac hes whic h w ere restricted

to estimation from annotated data for sp ecialized probabilistic parsing mo dels w e presen t an

algorithm to estimate the parameters and to induce the prop erties of log-linear mo dels from

incomplete, unanalyzed data. The new algorithm has the same computational complexit y

as related complete-data inference algorithms for log-linear mo dels. F urthermore, w e address

the problem of computational in tractabilit y of large summations in the inference task b y

discussing v arious tec hniques to appro ximately solv e this task and presen t an appro ximate

heuristic searc h algorithm for CLGs.

5.2 F uture W ork

As sho wn in Sect. 4.7, the empirical ev aluation of estimating log-linear mo dels on CLGs

sho w ed promising results b oth for training and ev aluation on a small scale. Clearly , the main

task of future w ork is a thorough in v estigation of the p erformance of the presen ted general

algorithms on lar ger sc ales of real-w orld NLP applications. In larger exp erimen ts issues whic h

w ere addressed so far only theoretically shall b e ev aluated in practice. Suc h issues are the

empirical ev aluation of pr op erty sele ction , the ev aluation of v arious appr oximation metho ds

in parameter estimation, or the empirical testing of the p erformance of non-heuristic v ersus

heuristic se ar ch te chniques in terms of linguistic results.

New issues whic h shall b e addressed in larger exp erimen ts are the use of dynamic pr o-

gr amming tec hniques not only for searc hing for b est parses but also for e�cien t calculation

of exp ectations in the estimation pro cess. Similar to the heuristic Viterbi algorithm presen ted

for b est parse searc h the application of dynamic programming to computing exp ectations will

b e p ossible only in a heuristic w a y . Clearly , the question to b e addressed is ho w suc h heuristic

estimation pro cedures p erform in terms of linguistic ev aluations.

Another issue that will b ecome imp ortan t for larger data sets is the use of reference distri-

butions as simpler and easier to estimate b ack-o� mo dels. A reasonable c hoice of a reference

distribution for our task is, e.g., a mo del de�ning a probabilit y distribution on lexical-seman tic

head-head relations suc h as v erb-noun pairs (see, e.g, Ro oth, Riezler, Presc her, Carroll, and

Beil (1999)). Suc h a clustering mo del do es not require complex parsing mo dels or costly anno-

tated corp ora, but can b e estimated easily from large corp ora of v erb-noun pairs. F urthermore,
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suc h a class-based mo del will also pro vide a smo oth default distribution and th us help to solv e

the sparse data problem.

A further task of future w ork will b e the in v estigation of p ossible applications of log-linear

mo dels and incomplete-data estimation to NLP applications di�eren t from parsing.
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